GEOMETRY MIDTERM 2

NAME: ID No.: CLASS:

1. (a) (10 pts) Find the arclength of the catenary «a(t) = (¢, cosht) for 0 <t <b.
Solution. sinh b N

(b) (10 pts) Reparametrize the catenary by arclength.

Solution. ((s) = (log(s+\/32—|—1),\/52—|—1) O
2. (20 pts) Calculate the Frenet apparatus (T, k, N, B, 7) of the following curve:

a(t) = (e’ cost,e'sint,e').

Solution. T = f(cost—smt cost +sint, 1), k = ?‘Q,
N —1\/5( cost — sint,cost — sint,0), B = %(smt — cost,—cost — sint, 2),
T =355 U

3et

3. (10 pts) Suppose C' is a simple closed plane curve with 0 < k < ¢. Prove that
length(C') > 27 /ec.

Proof. Let L = length(C'). Then by Hopf rotation theorem, we have

L L
27r:/ K(S) dsg/ cds=clL,
0 0

so L >2m/ec. O
4. Consider the helicoid
x(u,v) = (ucosv,usinv, bv).
(a) (6 pts) Compute the first fundamental form of the helicoid.
Solution. E=1,F =0,G = u® + b? n

(b) (10 pts) Find the surface area of a portion of the helicoid
(1<u<3,0<ov<2m).

Solution. 7 (3v/0> + 9+ In |V + 9+ 3] — V02 +1—b6*In [Vb> + 1+ 1|)
[l



5. Consider the torus
x(u,v) = ((a+bcosu) cosv, (a4 beosu) sinwv, bsinu) (0 <b < a).

(a) (6 pts) Find the first fundamental form.

Solution. E=b*F =0,G = (a + bcosu)? O
(b) (4 pts) Find the surface unit normal.

Solution. (— cosucosv, — cosusinv, — sinu) O
(c¢) (6 pts) Find the second fundamental form.

Solution. | =b,m = 0,n = cosu(a + bcosu) O

(d) (4 pts) Find the matrix of the shape operator.

(1b 0
Solution. ( 0 cos u/(a—i—bcosu)) -

(e) (4 pts) Find the mean curvature H and the Gaussian curvature K.

Solution. H = % (% + afgic?su)’ K= b(ai(l))scgsu) 0
6. (10 pts) Apply Meusnier’s Formula to prove that the curvature of any curve
lying on a sphere of radius a satisfies £ > 1/a.

Proof. By Example 2 of P.46, S, = —i Id . Hence, for any unit vector v and any
p on the sphere, I1,(v,v) = S,(v)-v = —21. Let a(s) be a unit-speed curve with
curvature k on the sphere such that «(0) = p and o/(0) = v. By Meusnier’s

formula,

1
== = (v, v) = ky = kcos g,

where ¢ is the angle between the surface unit normal n and the principal unit
normal N of the curve. Therefore, k > |k cos¢| = 2.

]



2. (10 points) Evaluate the integrals: / secz dxr and / sec® x dz.

SecAtrTanX
/SecXO{x = fSecx- cecx+Tan X a(x

Let Y= SecxttanX

( y{u= §€c7<‘('m><—{-§e<f>< 0/)( >
= f—b-(Lﬂ(u
s e vl

o\ cecx+Tanx] + C

. <
[secds [ secs Sgw/?/x
> 7
2= geCXTO\hX"/ S‘ecx an;q,“t‘anxglx
/77/:9(7 rativn b Y Pnrf/s

§ecx'['an>(/- [éecx(gcd’x e{) ﬂ(x
ge(,?(fﬂmx- fgec’x a{x + fgc(,)(ﬁ{x

o Q/Sec’x Ax = gechﬂnX+Qn|§ecX tlanx|+ C

u

]

= f SQC_BXﬂ(X: :/(geCXTo‘”"t@n[SeQX-ﬂanﬂ)"'C
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