
Linear Algebra 1.6.29(a)

1.6.29(a):

Proof. dim(W1 ∩W2) ≤ dim(V )
⇒W1 ∩W2 has a finite basis β = {u1, u2, · · · , uk}.
We can extend β to a basis β1 = {u1, u2, · · · , uk, v1, v2, · · · , vm} for W1 and to a
basis β2 = {u1, u2, · · · , uk, k1, k2, · · · , kp} for W2.
Let α = {u1, u2, · · · , uk, v1, v2, · · · , vm, w1, w2, · · · , wp}.
We claim that α is a basis for W1 +W2.
To prove the claim, we need to check that

1. α is linearly independent.

Let a1u1 + · · ·+ akuk + b1v1 + · · ·+ bmvm + c1w1 + · · ·+ cpwp = 0, for some scalars
a1, · · · , ak, b1, · · · , bm, c1, · · · , cp.
Then (−b1)v1 + · · ·+ (−bm)vm = a1u1 + · · ·+akuk + c1w1 + · · ·+ cpwp ∈ W1∩W2.
Since β is a basis for W1∩W2, we have (−b1)v1+ · · ·+(−bm)vm = d1u1+ · · ·+dkuk
for some scalars d1, · · · , dk.
⇒ d1u1 + · · ·+ dkuk + b1v1 + · · ·+ bmvm = 0
⇒ d1 = · · · = dk = b1 = · · · = bm = 0, since β1 is a basis for W1.
⇒ a1u1 + · · ·+ akuk + c1w1 + · · ·+ cpwp = 0
⇒ a1 = · · · = ak = c1 = · · · = cp = 0, since β2 is a basis for W2.
Hence α is linearly independent.

2. W1 +W2 = span(α).

Let u = v+w ∈ W1 +W2, where v ∈ W1 and w ∈ W2, be any vector in W1 +W2.
Since β1 is a basis for W1 and β2 is a basis for W2, we can find some scalars
x1, · · · , xk, y1, · · · , ym, z1, · · · , zk, t1, · · · , tp such that

u = (x1u1 + · · ·+ xkuk + y1v1 + · · · ymvm) + (z1u1 + · · ·+ zkuk + t1w1 + · · ·+ tpwp)

=
(
(x1 + z1)u1 + · · ·+ (xk + zk)uk + y1v1 + · · · ymvm + t1w1 + · · ·+ tpwp

)
That is, W1 +W2 ⊆ span(α).
It is easy to see that span(α) ⊆ W1 +W2.
Hence W1 +W2 = span(α).
Therefore, α is a basis for W1 +W2.

Finally, we have

dim(W1+W2) = k+m+p = (k+m)+(k+p)−k = dim(W1)+dim(W2)−dim(W1∩W2).
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