LINEAR ALGEBRA 1.6.29(A)

1.6.29(a):

Proof. dim(W; NWs) < dim(V)
=W; N Ws has a finite basis 8 = {uy, ug, -, ux}.

We can extend (8 to a basis 81 = {uy,ug, -+, ug, vy, 09, -+ , v} for Wy and to a
basis By = {uy, ug, - -+, ug, k1, ko, -+ -, k,} for W,
Let a = {ulau27'” y Uk, V1, V2, ", Uy, W1, W, * + * awp}'

We claim that « is a basis for Wy + Ws.
To prove the claim, we need to check that

1. « is linearly independent.

Let ajuy + - - - + agpug + brvy + - - - + by Uy + crwy + - - - + cpw, = 0, for some scalars
a1, Ay by, b Cr, e Gy

Then (—by)vy + -+ (=bp)vm = a1ug + - - - + apug + crwy + - - - + cw, € WiNWs.
Since (3 is a basis for WiNWa, we have (—by)vy+- - -+ (=bp) vy = dyus +- - -+ dyuy
for some scalars dy, - - - , dj.

= diuy + - - + dgug + byvg + -+ bpvy, =0

=d=-=d,=b=---=b, =0, since 3 is a basis for Wj.
= aiuy + -+ apup +cwy + -+ cw, =0
=a=-=ay,=c = =c, =0, since 3, is a basis for W5.

Hence « is linearly independent.

2. Wi+ W; = span(a).

Let u=v+w € Wi+ Ws, where v € Wi and w € W, be any vector in Wy + W.

Since f(; is a basis for Wi and (35 is a basis for W5, we can find some scalars

Ti, Tk Yty Ym, 215000 5 2y b1, 0+, such that

u = (Trug A+ TR Y101 YmUn) (21U U+ fwy £ twy)
= ((5101 +z)ur + -+ (T + 2e)uk F v+ YU H liws o tpwp)

That is, Wy + W, C span(«).

It is easy to see that span(a) C Wp + Ws.

Hence W, + W5 = span(a).

Therefore, « is a basis for W7 + Wh.

Finally, we have
dim(W,+Ws) = k+m+p = (k+m)+(k+p)—k = dim (W )+dim(Ws) —dim(W;NWs).
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