LINEAR ALGEBRA SOLUTION TO MIDTERM 3

NAME: Ip No.: CLASS:
11 3 11 2
. 2 1 4 2 1 3
Problem 1: (4 points) Let A = 1 9 4 and B = L 9 9| Try to find an ele-
2 3 8 2 35
mentary matrix such that B = AFE.
10 0
Solution. F =0 1 —1
0 0 1
O
100
Problem 2: (8 points) Express the invertible matrix | 2 0 2| as a product of elemen-
010
tary matrices.
Solution.
100 1 00 100
2 10 0 01 010
0 01 010 0 0 2
OJ
Problem 3: (8 points) Let T : P,(R) — P5(R) be defined by
T(f(x)) = f(z) + f'(z) + ['(2).
Determine whether 7 is invertible, and compute 77! if it exists.
Solution. See the solution for Example 7 of Sec.3.2 in the textbook.
OJ

Problem 4: Let T,U : V — W be linear transformations.
(1) (4 points) Prove that

R(T+U) C R(T) + R(U).
(2) (4 points) Prove that if W is finite-dimensional, then

rank(7 + U) < rank(T") + rank(U).
1



(3) (4 points) Deduce from (2) that
rank(A + B) < rank(A) + rank(B)

for any m x n matrices A and B.

Proof of (1). For any v € R(T +U), we can write it as v = (T + U)(w) = T(w) + U(w) €

R(T) + R(U) for some w € V. Hence R(T'+ U) C R(T) + R(U). O
Proof of (2).
rank(7 + U) = dim(R(T+U))
(%) dim (R(T') + R(U))
M2 Gim (R(T)) + dim (R(U)) — dim (R(T) N R(U))
< dim (R(T)) + dim (R(U))
= rank(7) + rank(U).

Proof of (3).
rank(A + B) = rank(Layp) = rank(L4 + L) < rank(A) + rank(B).

1
Problem 5: (8 points) Let the reduced row echelon form of A be | 0
0

o O = O
(@]
—
ot

1
Determine A if the first, second, and fourth columns of Aare [ =1 |, | —1| and [ —2 |,

3 1 0
respectively.

1 0 3 1 7
Solution. A=|—-1 -1 1 =2 —=9]. U
3 1 5 0 3

Problem 6: (8 points) Let W be the subspace of My o(R) consisting of the symmetric
2 x 2 matrices. The set

G600 )

generates W. Find a subset of S that is a basis for W.



Proof.

forms a basis for W.



