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1. Let G be a finite group of order p;pops where p;,i = 1,2,3 are three (not necessarily
distinct) prime numbers.

(a) (% 15) Suppose that p; < ps < p3 with pips Z 1 (mod p3). Show that there exists
a subgroup H of G of order paps. How many subgroup of G is of order pap3? Is it
true that every ps-Sylow subgroup of G is also a pa-Sylow subgroup of H? (You
need to explain your answers.)

(b) (% 10) Suppose p = p1 < p2 = p3 = q. Fix a p-Sylow subgroup P and a ¢-Sylow
subgroup @ of G. Prove or disprove the following statement:

The group G is abelian if and only if zy = yx for z € P and y € Q.

2. Let R = k[t] be a polynomial ring in variable ¢ over the field & and let M be a finitely
generated R-module.

(a) (% 10) Note that M is equipped with a k-vector space stucture. Show that M
is a torsion R-module if and only if M is a finite dimensional k-vector space. (A
module is called a torsion module if every nonzero element m € M there exists a
nonzero r € R such that rm = 0.)

(b) (% 10) Suppose that for every exact sequence 0 — N’ — N — N"” — 0 of R-
modules, the following sequence

0 — Hompg(M, N') — Hompg(M, N) — Hompg(M, N"y =0
is also exact. Prove that M is a free R-module.

3. (% 10) Let f(X)=u(X —t1)--- (X —t,). The discriminant of f is defined by

D(f) = (-1)"® D22 [ ] (4 — ).
i#]

Let n > 2 be an integer and let the polynomial f(z) = 2" 4+ ax + b where a,b are the
coefficients of f. Compute the discriminant D(f) of f in terms of a,b and n.

4. Let p be a prime number and let a € Z be a non-zero integer which is not a p-th power.
Let F be a splitting field of the polynomial f(z) = 2P — a over Q.

(a) (% 10) Prove that Gal(F/Q) has a unique p-Sylow subgroup P.

1



(b) (% 10) Compute the fixed field F” of P.
5. Let Z[z] denote the polynomial ring in the variable x over the ring of integers Z.

(a) (% 10) Is Z[z] a principal ideal domain (p.i.d)? If your answer is yes, give a proof;
otherwise, give an ideal of Z[x] and show that it is not a principal ideal.

(b) (% 15) Determine all prime ideals of Z[z]. Let 9 be a maximal ideal of Z[z]. Is it
true that Z[z]/9 is a finite field? Explanation of your answers is required.



