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1. (25%) Let p, q be prime numbers and let G be & group of order
p*q. Prove or disprove that G is solvable. (Hint: Consider the

casesp<q,p=g¢q,p>q.)

2. (25%)

(a) Determine the ring of algebraic integers in Q(v/=3) and
show that it is a principal ideal domain.

(b) Let R be a principal ideal domain. Show that a finitely
generated R-module is free if and only if it is torsion-free.

(c) Let R be a principal ideal domain and M a finitely gener-
ated R-module. Show that the following sequence is split
exact:

0 — Miox — M — M/Mior — 0

where M, is the torsion submodule of M.

3. (25%)

(a) Let R be a local ring, m its maximal ideal, k = R/m its
residue field. Let M be a finitely generated R-module.
Show that {zy,...,z,} is a minimal generating set of M if
and only if the images #1,...,%, in M/mM form a basis
for M /mM over k.

(b) Let R be a local ring. Show that any finitely generated
projective module over R is free. ‘

(c) Let R be a commutative ring and M a finitely generated
R-module. Assume that M ®zr(m) = 0 for every maximal
ideal m, where x(m) is the residue field of the local ring

R,,. Show that M = 0.

4. (10%) Let K be the splitting field of f(z) = z° + 3223 + 22 +
3lz+31 over the rational numbers Q. Find the extension degree
[K : Q] and the Galois group of K over Q.

5. (156%) Let K be an infinite Galois extension over k with Galois
group G. Prove that G is profinite. (A group is called profinite
if it is an inverse limit of finite groups).



