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1. (20%) If three distinct integers are chosen, there will always be at least two, say

a and b, such that a®b — ab? is a multiple of 10.

2. (20%) The hypercube Q; is the simple graph whose vertices are the ordered
k-tuples with entries in {0,1}, two vertices being joined if and only if they differ

in exactly one position. Prove that Qj, is k-connected.

3. (20%) Let 7(G) denote the number of spanning trees of a graph G. Find the

following values and prove your results.

() 7(Kn).
(b) 7(Kn — e).

4. (20%) The complement G of a simple graph G is the simple graph with vertex
set V(G) defined by uv € E(G) if and only if uv ¢ E(G). Let G be an n-
vertices graph and x(G) denote the chromatic number of G. Prove the following
Inequalities.

(a) 2v/n < x(G) +x(G) < n+ 1.

(b) 7 < x(G) - x(G) < (%)%

5. (20%) If C'is a cycle, and e is an edge connecting two nonadjacent vertices of C,
then we call e a chord of C. Prove that if G is simple with n > 4 vertices and

2n — 3 edges, then G contains a cycle with a chord.



