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1. (10 points) Let A = [1,2) U[3,4] be a subset of R. Define a function f: A ~ R by
0 ifzell,?2)
f(z) = .
1 ifzel3 4.

Prove or disprove that f is continuous on A.

2. (15 points) Let {z,} be a convergent sequence in a metric space and li’m z, = z. Prove
7300
or disprove that the set A = {z1,z,, -} U {z} is compact.

3. (15 points) Let f and g be two non-constant real-valued functions defined in the same
neighborhood N of a point a € R™. Suppose that f is differentiable at o and that g is
continuous at a, but not differentiable at a. Is it possible that the function (f-g) : N — R,
defined by (f - g)(z) = f(z)g(z) for z € N, differentiable at a? Justify your answer.

4. (15 points) Suppose that f is twice differentiable on an interval I containing a and that 7"
is continuous on I. Compute '

%ﬂ

{

5 fla+2h) - 2f(a+ h)+ fla)
im

h—0 h?

Give reasons that support your computation.
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5. (15 points) For n € N and z € [0,1], let
2nx

fn(@) = T

Find the function f : [0,1] = R so that f,(z) — f(z) pointwisely on [0,1] as n — oo.
Prove or disprove that the convergence is uniform.

6. (15 points) Show that near (z1, %2, y1,¥3,y3) = (0, 1,3,2,7) we can solve
2" +xoy; ~4dy2 +3=0
Z2c0871 — 621+ 2y; —y3 =0

uniquely for (1, z2) as functions of (y;,y2, y3) and find the values g—:}, %3:, g—% at the point
(yh Y2,y y3) = (31 2, 7)'

7. (15 points) Evaluate the integral

3 .3 _
/ / [z + y] dzdy,
0 Jo

where [t] is the greatest integer < t.




