Analysis Ph. D. Qualifying Examination (2004.02.12)
Note: In the following, all functions are real-valued!

1. Let (X,B,u) be a finite measure space and f be a nonnegative measurable function on X.
Prove that there exists a Cauchy sequence {f,}22, of simple functions in L'(X, ) such that
fn — f almost uniformly if and only if sup{ [, @dp : ¢ is simple and p < f} < co. (10%)

2. Let {a,};2, be a sequence of numbers in [0, 1]. Prove that Y >, —2A~— is finite for almost

n?\/|lz—an|
all z in [0,1].  (10%)

3. Let p and v be o-finite measures on (X, B).

(a) If v < p, prove that [, fdv = [, f- g—;d,u for all v-integrable functions f on X. (10%)

(b) If » < p and p < v, find a relation of j—ﬁ and c%‘ and prove your assertion. (4%)
4. Let

zsin(l/z) if 0 <z <1, z3sin(1/z) if 0 <z <1,
flay = IR WO Sh gy gy = TR/ T 0<as
0 if z=0; 0 i r=4

(a) Determine whether f and g are of bounded variation on [0,1]. Give your proof in each
case. (10%)

(b) Determine whether f and g are absolutely continuous on [0,1]. Give your proof in each
case. (6%)

5. Let f(z,y) = (m—giy%z for —1 < z,y < 1. Determine whether any of f_ll(f_llf(x,y)dx)df,
fil(fl f(z,y)dy)dz and f[—l,l}x[—l,l] f(z,y)dzdy exists. For the existing ones, give their value;

for the others, give your proof for their nonexistence. (10%)
6. Let f be a function in LP[0,1] (1 < p < 00) and let F(z) = [; f(t)dt for z in [0, 1].

() Prove that ||Fll, < L[]l (5%)

(b) Give a necessary and sufficient condition on f only (not involving F) for which “=” holds

in (a). (5%)

7. Let S be a linear subspace of L]0, 1] that is closed as a subspace of L?[0, 1], where 1 < p <
q < oco. Let {f,}52, be a sequence in S. Prove that {f,}52, is convergent in (L9]0,1],] - ||,) if
and only if {f,}52, is convergent in (L7(X, p), || - |l,). (10%)

8. Let A = [a;;] be an n-by-n matrix with a;; > 0 for all i and j and }_7_, a;; = 1 for all i. Prove
that there is a unique vector o = [z, %9, -+, 2,7 with z; > 0 for all i and Y =1 snell
that Azg = zo.  (10%)

9. Let f be a continuous function on [0, 1]. Prove that

- fol 2" f(z)dz

T
s o Byl

= f(1). (10%)



