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(1) (17%) Let {fa}aer be a family of real-value functions defined on [a, 3.
Prove that if there is a constant M > 0 such that |f,(z)| < M for all
z € [a,b] and all o € I, then for any countable set E in [a, b], there exists a
sequence { fao, } such that for any z € E, the nli_)n;o fa, (x) exists.

(2) (1747) Let {fn}nen be a increasing sequence of measurable functions defined
on [0,1]. Prove that if f,, converges to f in measure on [0, 1], then f,,(zo) —
f(zo) as n — oo, where ¢ is any continuous point of f.

(3) (174") Suppose that g is a measurable function defined on the measurable
set E. Prove that if f-g € L'(E) for any f € L*(E), then g is a bounded
function on E \ Z, where Z is a set of measure zero in E.

(4) (17%) Let f be a nonnegative measurable function on [0,1]. Prove that
f € LY(]0,1]) if and only if

> 2r|{ze0,1]: f(z) 22"} < oo.
n=0

(5) (16%) Let f, € L1([0,1]), n € N, satisfies the following conditions:
(i) |fn(z)| < F(z) for all n € N and z € [0,1], where F € L*([0, 1]);
(ii) lim f[O,l] fa(z)g(z)dz =0 for any g € C([0,1]).

Prove that for any measurable set E in [0, 1], nlggo [ fn(x)dz = 0.

(6) (16%°) Let f be a bounded and uniformly continuous function on R and
each K, € L*(R), n € N, satisfy the following conditions:
(i) Jg!Kn(z)ldz < M for all n € N;
(i) Jg Kn(z)dz =1foralln € N;
(iii) for any § > 0, Jim flwlzé' |Kn(z)|dz = 0.
Prove that (K, * f)(z) converges to f(z) uniformly on R.
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