HRREBHELELEERE - ST (Aug. 31, 2012)

1. (15%) Let {fn}22, be a sequence of continuous functions defined on R. Prove that the
set of points where this sequence converges is an Fs.

2. (15%) Is there a nonempty perfect set in R which contains no rational number? Give
your reason.

3. (20%) A transformation y = Tx of R™ into itself is called a Lipschitz transformation
if there is a constant ¢ such that [Tz — T2'| < c¢|z — 2/|. Show that every Lipschitz

transformation maps measurable sets into measurable sets.

4. Let C§°(R™) be the class of infinitely differentiable functions on R™ with compact
support.

(a) (10%) Construct a nontrivial function in C§°(R™) whose support is a ball or an

interval.
(b) (10%) By (a), prove that C§°(R™) is dense in LP(R"), 1 < p < oo.

5. (15%) Let f € L*(R™) and

*(z) =su L
F(@) = s o /Q F@)\dy,

where the supremum is taken over all cube ) with edges parallel to the coordinate axes

and center z. Show that there is a constant ¢ independent of f and « such that

|{:v€]R":f*(ac)>a}|§£/n|f], o> 0.
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Does there exist a constant C independent of f such that [p,. f* < C [p. |f|? Give your

reason.

6. (15%) If f € L*(R™). Prove that

1 n
6.1 lim ———— fly)dy = f(z), almost every z € R,
(6.1) r=0 |Q(z,7)| Jo(a,r)

where Q(z,r) denotes n-dimensional cube centered at = with edges parallel to the coordi-
nate axes and side-length r. Let = = (1, -+ , %) and Q(z,r) be replaced by [z1, 21 +7] X

- X @y, Tp +7]. Is the equality (6.1) still valid? Give your reason.



