HRREBHMELZMEEERS o (Aug. 30, 2013)

1. (a) (%) Construct the Cantor set and show that it has measure zero.

(b) (10%) Construct a singular function which is not absolutelely continuous.

2. (15%) Let {fi}72, be a sequence of measurable functions on R™. Prove that {z € R" :

limg_, oo f(z) exists} is a measurable set.

3. Let

3sin(l/x) for 0 <z <1,

d =
Bod. ) { 0 for = =1,

zcos(l/z) for0<z <1,
fz) = _
0 for z = 0.

(a) (7%) Determine whether f and g are of bounded variation on [0,1]. Give your
proof in each case.
(b) (8%) Determine whether f and g are absolutely continuous functions on [0, 1]. Give

your proof in each case.

4. (10%) Let f € L'((0, 1)), show that =% f(x) € L*((0,1)) for k € N and 1-01 z® f(z)dr — 0.
5. (15%) Prove that L#(R™) is separable.

6. (15%) Let f be real-valued and mesurable on E, let 1 < p < oo and 1/p+ 1/p = 1.

Prove that

Ipr—'&n)/;fg,

where the supremum is taken over all real-valued g such that ||g||,» <1 and [ fg exists.
7. (15%) Let K € L*(R") and g, K(z)dr = 1. If f € LP(R™),1 < p < o0, show that
|fxK.—fllp >0 as &—0.

Here K.(z) = e "K(z/¢) and (f * g)(x) is defined by

(f=g)(z) = me—ymwmy



