o KRR 2 M BT - T (Jan. 24, 2014)

1. (15%) A set of E is said to be Lebesgue measurable if for each set A we have |A|. =
|AN E|. + |A\E|e, where |A|. is denoted by Lebesgue outer measurable of A. Show that

every set of Lebesgue outer measure zero is measurable.

2. (15%) Suppose f is a measurable function on R and B is a Borel subset of R. Prove

f~1(B) is a measurable set.

3. (15%) Let
z?sin(l/z) for0<z <1,

f(x):{o for z = 0.

Is f of bounded variation on [0, 1]? Give your reason.
4. (15%) Use Fubini’s theorem to prove that [p, e~ dg = 7n/2,

5. (10%) Let f be absolutely continuous on [0, 2], prove or disprove that f is of bounded

variation on [0, 2].
6. (15%) Let f € L3((0,1)), show that z* f(z) € L'((0,1)) for k € N and fol z* f(x)dz — 0.

7. (15%) Let ¢ be a bounded measurable function on R™ such that ¢(z) = 0 for |z| > 1
and [¢ = 1. For € > 0, let ¢.(z) = e "¢(z/e). If f € L'(R"), show that
lir%(f o j(2)= f{z) in the Lebesgue set of f.
&>

Here (f * g)(x) is defined by

(f*g)(z) = . flz —y)g(y)dy.



