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Show your work in details, In each problem, you may assume the former
part(s) and work on the latter part(s) directly.

;-r;{J 1. Let § C R? be a smooth surface. Up to a translation and a rotation of

3, a neighborhood of p £ S is the graph of a function z = k{x, y) with
h(0,0) = p, he(0,0) = 0 = 1, (D, 1.
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Use this representation to compute the second fundamental form 11,
of 5§ at p.

Find the Gaussian curvature J, and mean curvature Hy, of § at p.
Show that if 5 is a minimal surface then K, <0, ¥p € 5.

Clomsider the torus of revolution penerated by rotating the circle
(z-a)+2=r% y=0

about the z-axis (@ > r > (). Show that the circle generated by the

point (a+ v 0) € RE.: is a geodesic on the torus of revolution.

State Gauss-Bonnet Theorem for an orientable compact surface.
Compute the Euler-Poincaré characteristic x(T') of a torus T via a
triangulation of T

Is it possible to embed T into B* so that its Gaussian curvature
K =0 in the induced metric? Justify your answer,

1 Give an example of & flat torus and verify that its curvatrure K = 0.

State and prove Cartan's formula for dw where w £ Q*( M) is a O™
2-form on a differentiable manifold M.

} Letw be a 2-form. Define Ny := {v € T, M | wiv,u) =0,%u € T,M}.

Assume that dw = 0 and N s are equi-dimensional for all p € M.

Show that the distribution {Np}peas is integrable.

.[I..,;} 4. Let V' be a C*° vector field with comnpact support on a manifeld M. Show
that Ly = (o d +d e i)a, Yo € OP(M).

{r{,r{]' 5. Let & be a 1-form on the unit sphere 5% C R3. Show that if o is SO(3)-
invariant then o = 0.

[M}Z:J 6. Let M be a connected n-dimensional compact Riemannian manifold with
the fundamental group m (M) = 0.
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Show that if a, 3 € Q™M) satisfy [,, a = [, 7 then o and 3 differ
by an exact 1-form.

Show that the only harmenic 1-form on M is 0.

Derive the second variation formula for geodesics.

Prove the Bonnet-Myer Theorem: Let M be a complete Rismannian
o i . n—1
manifold of dimension n. If Ric >

with r = 0 being a constant,

]
then M is a compact with diam M < #r.

Show that if A is a complete Riemannian manifold with Ric = 4 =
0, then the universal cover of M is compact and in particular, the
fundamental group (M) is finite,



