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1.(15%) Let r, k, and f be real and continuous functions which satisfy r(¢) >
0, k(¢t) > 0, and

t) < f(t +/ 5lis s 0D
Show that

r(t) <f f Hudugs + f(t), a <t <b.

2.(15%) Let E be a normed vector space, W C R x E an open set, and f,g
W — FE continuous. Suppose that for all (¢,z) € W, |f(t,z) — g(t,z)| < €.
Let K be a Lipschitz constant in x for f(¢,z). If z(t),y(t) are solutions to
' = f(t,z) and ¥’ = g(t,y), respectively, on some interval J, and z(ty) =
y(to). Show

lz(t) — y(t)] < fk.{ef(lt_mi =gy

3.(15%) Let I be an finite interval, g; € C(I),k; € C'(I) for i = 1,2 with
g1 < g2 and ky > ky > 0 on . Let ¢; be a solution on I of (ki)' + giy = 0
and let t; and t, be two consecutive zeros of ¢,. Show that ¢, has at least
one zero in the interval (¢;,13).

4. (10%) If a nontrivial solution ¢ of y” + (A + B cos2t)y = 0 has 2n zeros
in (=m/2,7/2) and if A, B > 0, show that A+ B > (2n — 1),

5.(20%) Write the planar system
dx

P (a2 a2 12
g y—alp—{z°+y — 1)),
%=x—y(#—($2+y2—1)2),

in polar coordinates and show that for all > 0 there are two one-parameter
families of periodic orbits given by vE(t) = \/1 £ p'/2(cost, sint)” with pa-
rameter u. Discuss the phase portraits and draw the bifurcation diagram.



