Qualifying Exam for Numerical Analysts at Math.NCU

September 1, 2009
Throughout this problem sheet, {2 denotes some bounded polygonal convex domain in the
two dimensional space. Let L2(Q), H'(Q) and H}(Q) be the function spaces with their
standard definitions. Let the bilinear form (-, -) be the standard L2-inner product and |||
be the standard L*-norm.

1. Basic Models
Let V be a Hilbert space with scalar product (-, )y and corresponding norm ||-[[v. Suppose
that a(,-) is a bilinear form on V x V and £(-) a linear form on V' with the following
properties.

(i) a(-,-) is symmetric.

(ii) a(-,-) is continuous; that is, there is a positive constant « such that

la(v, w)| < vllvllv lwllw, Yo,weV.
(iii) a(:,-) is V-elliptic; that is, there is a positive constant o such that
a(v,v) > al|v||}, YveV.
(iv) ¢ is continuous; that is, there is a positive constant A such that
1£(v)] < Allvllv.

Show that the minimization problem

Find u € V such that F(u) = l’rél‘l} F(v) where F(v) = %a(v,v) —£(v) (L.1)

and the abstract variational problem
Find v € V such that a(u,v) = £(v), Yv eV (1.2)

are equivalent, and there is a unique solution u € V such that

A
< —.
lully <

2. Finite Element Spaces

Let T, be a triangulation of 2, and K € Ty be a triangle with vertices al, a2, a® where
at = (ai,ab). Let V}, be the standard finite element space of piecewise linear functions on
triangles K, that is,

Vi, = {U € Hl(ﬂ) l ’UIK € Hl(f‘f), VK € Th}

where TI; is the space of polynomials of degree 1 in variables z = (z1,z2). What is the
dimension of I1; (K) and what are the basis functions A;(z) for I, (K)?
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