Qualifying Exam for Numerical Analysis
Dept. of Math, Nat’l Central Univ. Feburary 2, 2018

Problem 1. Let V be a Hilbert space with inner product (-, )y and corresponding norm | - |y,
Sy, € V is a finite dimensional subspace, a : V x V — R be a continuous, V-elliptic bilinear form,

and ¢ : V — R be a bounded linear form.

1. (10%) State the Lax-Milgram theorem and show that there exist unique v € V' and uj, € S},
satisfying
a(u,v) =4L(v) YveV and a(up,v) =L(v) YveS,.

2. (10%) Show that there exists C' > 0 such that |u — up|v < Cllu — vy v for all vy, € Sy.

Problem 2. Let {xi}fvo be a partition of I =la,b]; that is, a = zp < 1 <23 < -+» < zy_1 <
xy = b, and h = max {:[3Z — T ’1 <N } Let {ngZ *, be a collection of continuous functions

satisfying
(a) fori,j€{0,1,--- N}, ¢i(z;) = 0;;, where §;; is the Kronecker delta;
(b) for i,j€{0,1,---,N}, ¢ is a polynomial of degree 1 in [z;_1, z;].

Define S}, = span(¢1, ¢2,--- ,¢n) and IT : C°(I) — Sy by

N
Z v(z;)p;(
1. (10%) Show that there exists a constant C' > 0 such that
lv=TIw| g2y < CR? 0" |2y and 0" — (1) || r2(r) < ChIV"| L2
for all v e H?(I) satisfying v(a) = 0.
2. (10%) Let f e L*(I), and u € H'(I) be the unique weak solution to the differential equation
—u” = f in (a,b), wu(a)=u'(b)=0,
and uy, € S}, satisfies
Lu;’z(sv)v,;(:v) de = Lf(x)vh(x) dx Yoy eSy.
Show that there exists a constant C' independent of f (and u) such that
|l —un| 1y < Ch|fllzer) -

Problem 3. Let Q2 < R? be a bounded, convex, polygonal domain. Consider the parabolic

equation
ou—Au=f in Qx(0,7), (0.1a)
ou
SN tu=9 on 09Qx(0,T), (0.1b)

u(z,0) = up(z) for all x € Q, (0.1¢)



where N denotes the outward-pointing unit normal of 2. The semi-discretization (in space) for

(@) is based on the variational formulation: Find u : [0,T] — H'(Q2) such that u(0) = ug and
(6(6), ) 2y + a(u(t), v) = (F(1), V) gy + (90, V) g0y Yo HYQ),  (0.2)
where (-,-)72(q) and (+,-)12(aq) denote the inner product in L*(Q2) and L?(0Q), respectively.
1. (5%) Provide the explicit form of a(-,-) in (@)

2. (10%) Let Vj, be a finite element space in H'(£2) consisting of piecewise linear functions on

a quasi-uniform triangulation of  with mesh size h, and uy, : [0,7] — V}, satisfies
(un(t), v)r2(0) + alun(t),v) = (f(t),v)r2(0) + (9(t),v)r200)  YveVh.  (0.3)
Show the stability property that
lun(®)ll 2y < lluollr2(o) Vte (0,7)
if f=9g=0.

3. (10%) Suppose that one use the discontinuous Galerkin method for solving the semi-discrete

problem (@) by assuming that
’U,h(t) = (UO + tvl)1[07%)(t) + (’UQ + tvg)l(%ﬂ—‘] (t)
for some w1, vo,v3 € V. Write down explicitly the relation among vy, v, v3.

Problem 4. Let Q < R? be a bounded strictly convex domain with outward-pointing unit normal

n (which is defined except on the vertices), 3 € R? being a constant vector, and
Iy ={zedQ|n(x)- >0}, TI'_={xedQ|n(z) B<0}.
Define V = {ve H'(Q)|v=0onI'_} and a bilinear form b: V x V — R by

b(u,v) = JQ (u+ 8- Vu)vde — J wo(n-5)dS and ((v) = JQ fvdx.

1. (10%) Suppose that V}, is a finite dimensional subspace of V' such that for all v € V there

exists 7y, € V}, satisfying
v =nlme) + v —Vhlr2e0) < Chlv]g2(@)
where C' is a generic constant independent of v. Show that if uw € V, uj € V}, are solutions to
b(u+ B -Vu,v) =4L(v) YveV and b(up + B - Vup,vp) = L(vy) Yop € Vy,

then

lu —unl L2y + v — unlz200) < Chllu) g2 -



2. (10%) Let T}, be a triangulation of 2, and for K € T}, we use P,(K) to denote the collection

of polynomials of degree r defined on K. The discontinuous Galerkin method of solving for

u+div(fu) = f in Q,
u =0 on 0€),

can be written as
B(un,vn) = (fivn)r2  YveW

for some finite dimensional subspace Wy of V. Write down the bilinear form B and the

subspace Wj,.

Problem 5. (15%) For a triangle K < R?, let hx denote the maximum length of sides of K, and
pi be the radius of the maximum disc which is contained in K. Suppose that K < R? is a triangle
such that px = Bhi for a certain 8 > 0. Show that there exists a constant C, depending only on
B, such that

Vol 2y < Chgtloley Vo e PUK),

where P;(K) is the collection of polynomials of degree 1 defined on K.



