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1. (12 points) Let £ be a class of subsets of a sample space 2, let B C €2, and define

ENB={ANB:Acé&}
Show that (€ N B) = a(£)N B.
2. (16 points) Let (X,),>1 be a sequence of independent identically distributed random
variables. Show that for any fixed € > 0

00 Xn
EXi|<oo = Y P(Xi|>en)<oo = £ —0 Pas
n=1

3. (16 points) Let (X,,) be a sequence of independent random variables with E[X,,] = 0.
If X2
e () <
show that the series Z X, converges [P-a.s.
4. (26 points) For a distribution function F' and h > 0, define

Qr(h) =Sl;p[F($+h) - F(z-)]. (1)

(a) (6 points) Suppose F' = @, the standard normal distribution function, find Qs (k).

(b) (8 points) Prove that the sup in (1) is attained for the general distribution function
I

(c) (12 points) If G is also a distribution function, for every i > 0, prove that
QRrc(h) < Qr(h) AQg(h).
5. (20 points)

(a) (4 points) Please state the Lindeberg’s condition.
(b) (4 points) Let (X,) be defined as follows for some o > 1:

+n%  with probability each;

G 2(a=1)
X, =

0, with probability 1 — 32D

Find the necessary and sufficient conditions on « such that the Lindeberg’s con-

dition is satisfied.

(¢) (12 points) Justify your answer in (b).

6. (10 points) Let X1, Xs, ..., X, be independent uniformly distributed random variables
on the probability space ([0,1], B,m) and let S = min{Xj, ..., X,,}. Compute E[X,|S].



