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Linear Algebra

(20%) each

(a) Let A be areal m x n matrix, row space U, column space V' be the subspaces of
R™, R™ spanned by the row vectors and column vectors respectively. Let f be a
linear mapping defined by : * — Ax. Prove that f defined a linear isomorphism

between U and V.

(b) Let A.beareal m by n matrix. Prove or disprove that there are two sets of orthonor-
mal basis {u; : i =1,...,r}, {v; : 7 = 1,..,.r} of the row space and the column
space respectively such that A - v; = ¢; -v;and ¢; > Oforalli =1, ..., r

(c) Let AT be the transpose of the matrix A. Prove or disprove the following state-
ments:
(I) rank(AT - A) =rank(A) for all real matrix A,
(I) rank(AT - A) =rank(A) for all complex matrix A,
(II) rank(AT - A) =rank(A) for all matrix over binary field {0,1}.
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(d) Let A= 1 3 4 5 6 Prove or disprove that we can find a 5 x 4 matrix
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B such that the rank of BA is
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(e) Let A be a real square matrix satisfies A% — 34 — 27 = (. Prove or disprove that
A is orthogonally diagonalizable.




