
Number theory

1. k1, k2, r, s ∈ N , k1 ≤ 2k2 .

Suppose that k1|rs. Show that k1|rk2

Proof1 :

We have

{
k1 ≤ 2k2 ,

k1|rs · · · · · · (1)

Suppose, on the contrary, that k1 - rk2 · · · · · · (2)

We will show that (2) leads to a contradiction.

(2) ⇒ there exist a prime p and s ∈ N

such that ps|k1 · · · · · · (3)

ps - rk2 · · · · · · (4)

(3) ⇒ ps|k1

⇒ ps|rs ( ∵ (1) )

⇒ p|rs

⇒ p|r ( ∵ p is prime )

⇒ ps|rs

⇒ k2 < s ( ∵ (4) )

⇒ pk2 < ps

⇒ 2k2 ≤ pk2 < ps ≤ k1 ( ∵ (4) )

⇒ 2k2 < k1

→← k1 ≤ 2k2 . �

Proof2 :

k1 ≤ 2k2

⇒ any prime factor of k1 has exponent ≤ k2 · · · · · · (1)

( ∵ Let p1|k1, p1 is prime and k1 = pe1
1 pe2

2 · · · · pes
s

where p1, · · · , ps are distinct primes and e1, · · · , es ∈ N
Then pe1

1 ≤ 2k2 ⇒ e1 ≤ k2 ( ∵ p1 ≥ 2 ) )

k1|rs

⇒ any prime factor of k1 is a prime factor of r · · · · · · (2)

(1), (2) ⇒ the result. �

2. (1) Show that 9 · 2n · 10n−1 + 1 is divisible by 19 for all positive integers n .

(2) Show that the (n + 1)-digit

anan−1 · · · a1a0 ( = an10n + · · ·+ a110 + a0 ) is divisible by 19
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if and only if 10an + an−1 + 2an−2 + 4an−3 + · · ·+ 2n−1a0 is.

Proof :

(1) Prove by induction on n .

The case n = 1 is trivial.

Suppose 9 · 2n · 10n−1 + 1 is divisible by 19 .

Then 9 · 2n+1 · 10n + 1 = 2 · 10 · 9 · 2n · 10n−1 + 1

= 20 ( 9 · 2n · 10n−1 + 1)− 19

is divisible by 19 . �

(2) Note that

an10n + · · ·+ a110 + a0 + 9 · 10n−2(10an + an−1 + 2an−2 + 4an−3 + · · ·+ 2n−1a0)

= 19 · 10n−1 an + 19 · 10n−2 an−1 +
n−1∑
m=1

10n−1−m an−1−m +
n−1∑
m=1

9 · 10n−2 · 2m an−1−m

= 19 · 10n−1 an + 19 · 10n−2 an−1 +
n−1∑
m=1

10n−1−m (1 + 9 · 10m−1 · 2m) an−1−m

is divisible by 19 ( ∵ by (1), each 1 + 9 · 10m−1 · 2m is divisible by 19 )

Thus an10n + · · ·+ a110 + a0 is divisible by 19

⇔ 9 · 10n−2(10an + an−1 + 2an−2 + 4an−3 + · · ·+ 2n−1a0) is divisible by 19

⇔ 10an + an−1 + 2an−2 + 4an−3 + · · ·+ 2n−1a0 is divisible by 19

( ∵ 9 · 10n−2 and 19 are relatively prime ) �

3. Let e, l, n be positive integers such that 2e|(e + 1)ln and 2e|ln2. Show that 2e|ln.

Proof :

Case 1. e is even.

Since gcd(e, e + 1) = 1 and e + 1 is odd, we have gcd(2e, e + 1) = 1. It follows from
2e|(e + 1)ln that 2e|ln.

Case 2. e is odd.

From 2e|(e + 1)ln, we have e|ln. From 2e|ln2, we have 2|ln2; hence 2|ln. Combining
e|ln and 2|ln, we have 2e|ln since e is odd. �
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