Exercises for Chapter 7
15. Consider the map £~ : GL(R",R") — GL(R",R"), A — A~! taking a matrix to its

inverse. show that the derivative of this map is given by
DL A) - B=—-A10oBoA™".

Proof. The goal is to show that

. [(A+h)t = A — (~A'hAY)||
IAll—0 Al

=0,

where ||h|| = sup ||hz|g.. We first note that

l|zllgn =1

(A+ h)*1 — At = AflA(A + h)*1 — Ail(A + h)(A+ h)*1 = —Ailh(A + h)*1 ;
thus
(A4 h)_1 — Al - (—A_lhA_l) = A_lh[A_1 — (A+ h)_l} = A_lhA_lh(A + h)_1 )

Therefore, by that ||[AB|| < ||A||||B]| for all A, B € GL(R",R"), we find that

[(A+h)™t = A7t — (—A7ThA7Y)||

A < [ATIPIIA + R) 7[RI — 0

as ||| — 0. O



