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Problem 1. Let {T}.}, < Z(R™,R™) be a sequence of bounded linear maps from R” — R™. Prove

that the following three statements are equivalent:
1. there exists a function 7" : R® — R™ such that {Tx}}° ; converges to Tz for all x € R™;
HILHOO H k EH.Z(R JR™) 0;

3. there exists a function 7" : R® — R™ such that for every compact K € R™ and ¢ > 0 there
exists N > 0 such that

|Tyx — Tx||gm <& whenever xe K and k> N.

Proof. “1 = 37 Let K be a compact set in R", and € > 0 be given. Then there exists R > 0 such
that K < B[0, R]. By assumption, for each 1 < i < n, there exist N; > 0 such that

|Te; — Te;llgm < % whenever k> N;.

For € R”, write = z(We; + 2Pey + - - - + 2Me,. Then if z € K, ‘m(i)‘ < Rforalll <i<n.
Therefore, if x € K and k > N = max{Ny, -, N,},

|Thx — Txl|gm = HTk<Zx(i)ei> — T(Zm(i)ei> ‘Rm = H Zx(i) (Tkei — Tei)
i=1 i—1 i—1

< ; 29| Te; — Tei|pm < y RS —¢.
Z‘ ‘ K Zz; Rn

i=1

Rm

“3 = 2" Let K = B|0, 1] (which is compact), and € > 0 be given. By assumption there exists N > 0
such that

[Thx — Tx|gm < % whenever xe€ B[0,1] and k> N.
If £k, > N and z € B[0, 1],

2e

which shows that

2
ITe = To| = sup |Toa — Toz|am < 36 <c  Vk(>N.
c€B[0,1]

zeB]

Therefore, | T — T #rn gmy = 0.

lim
k4—00



“2 = 1”7 By assumption, for each € R” we have

HTkiL' — TECC

wn = [(Th = T @z < [T — Ty o || n — 0 as k€ — oo

Therefore, for each & € R" the sequence {Tx}2, is Cauchy in R™; thus convergent. So we
establish a map x — klim Tz which is denoted by 7T'. In other words, T : R™ — R is defined
—00
by T(x) = lim Tyx.
k—o0

If &1, 22 € R” and c € R, then
T(le + mg) = khr{.lo Tk(cazl + mg) = khr{.lo (chacl + Tk$2) = CT($1) + T($2) .
Therefore, T' e Z(R™,R™). Since dim(R"™) = n < o0, we conclude that 7' e Z(R",R™). o

Problem 2. Let f : R? — R? be defined by f(z,y,2) = (z*+?)i+xyzj. Show that f is differentiable
on R? and find (Df)(a,b,c).

Proof. For (h,k,l) € R3,

fla+h,b+k,c+ ) — f(a,b,c)
((a+h)?*+ (b+k)i+ (a+h)(b+k)(c+)]j— (a®+b*)i—abcj
= (2ah + 2bk + h® + k*)i + (abl + beh + ack + akl + bhl + chk + hk()§;

thus we expect that
(Df)(a,b,c)(h,k,€) = (2ah + 2bk)i + (abl + bch + ack) j . (¢)

Let L : R* — R? be defined by L(h, k, ¢) = (2ah + 20k)i+ (abl 4 bch + ack) j. Clearly L € B(R3, R?).
Moreover, for (h, k,¢) # (0,0,0),

Hf(a—i—h,b—i—k,c—l—@) — f(a,b,c) — L(h,k,ﬁ)H

[(n? + E?)i + (ak€ + bhe + chk + hk0) | _ (B + k) + |akt] + [bhé] + |chk| + |hk(]
N s N
< Vh2 + k2 + 02 + |a||k| + |b||h| + c|h| + |hE]|
thus
i Hf(a—i—h,b—i—k:,chf)—f(a,b,c)—L(h,k,E)H _
(hok,0)=(0,0,0) Vh?+ k? + 2
Therefore, f is differentiable at (a, b, ¢) and (D f)(a, b, c) is given by (o). o

Problem 3. Let X = Z(R",R") equipped with norm || - |, and f : GL(n) - Z(R",R") be defined
by f(L) = L2 = L~ 'o L™, Show that f is differentiable on GL(n) and find (D f)(L) for L € GL(n).

Proof. Let L € GL(n). By the fact that

K'-L'=-KYK-LL"' and K?*-L?=-K*K-LL'-KYK-L)VL?,



we have

K?-L?=-[L?-K?*K-L)L"'"-K'K-LL?(K-L)/L"
— L' K YK -L)L'|(K—-L)L™
=L *K-LL'-L'Y(K-L)L?*+K?*K-LL"'K-L)L!
+K ' (K-LL*K-LL'"+K'(K-LL"K-LL?

thus
|K2 =L+ L *(K—L) L'+ L YK =L) L) < [|K 2L P20 K YIL L2 | K= L) . (x)

This motivates us to define (Df)(L) € B(X, X) by

(DfY(L)(H)=—-L*HL' -~ L 'HL™? VHeX, (%)
and (x) implies that
- SE) = f(L) = (DAL = )]
= K1l -
Therefore, f is differentiable on GL(n), and (D f)(L) is given by (). o

Problem 4. Let X = %(]—, 1,1];R) and || - | x be defined by || f||x = H[la1X1] |f()], and (Y, | - [ly) =
re[—1,

(R,|-|). Consider the map ¢ : X — R be defined by 6(f) = f(0). Show that ¢ is differentiable on X.
Find (DJ)(f) (for f e €(]—1,1];R)).

Proof. Let f e X be given. For h € X, we have
0(f +h) = of = ((0) + h(0)) — f(0) = h(0) = oh;
thus we expect that (DJ)(f)(h) = dh. We first show that § € B(X,R).
1. For linearity, for hq,hs € X and c € R, we have

5(Ch1 + hg) = (Chl + hg) (O) = Chl (0) + hz(O) = 65h1 + 5h2 .
2. For boundedness, if |h|x = 1, then H[laIXH |h(z)] =1 so that

0h] = |h(0)| < max |h(z)]=1< 0.

xze[—1,1]

Having established that § € Z(X,R), we note that

_|s(r+n)—=0f=6n 0
lim = lim —— =0;
h—0 HhHX h—0 Hh”X

thus § is differentiable at f (for all f e X), and (DJ)(f) = for all f e X. o



Problem 5. Let X = %(|a,b;R) and | - |2 be the norm induced by the inner product {f,g) =
ff ) dz. Define I : X — X by

= J f@®)?dt  Vaxelab].
Show that [ is differentiable on X, and find (DI)(f).

Proof. Let f € X be given. For he X,

I(f + b)) — 1(f)(x) = f " (F() + h(t) dt f ey de = f RRFOR() + @) des (x0)
thus we expect that

OO0 @) =2 [ F(Ome) . (00)

Define L by (Lh)(z) = 2 J " HOn) dt.
Claim: L e B(X,X).

1. For linearity, let hq, hy € X and c € R. Then

X X

f(@)h(t) dt + ZJ f(t)ha(t) dt

a

L(chy + o) (@) = 2 J F()(chu(t) + halt)) dt = 2cf

which shows that L(chy + hy) = cL(hy) + L(hs).

2. Note that by the Cauchy-Schwarz inequality,

b
0 < | @0 de < |Flalbles

thus for |hfs =1,

it = [ [ ([ sonear)’ @)’ < ([ gmsar)’ < vi-as,

Therefore,

IL] = H]?Hupl IL(h) ]2 < Vb —al flla < o0
y—
which shows that L is bounded.

Finally, using (**) we obtain that

s+ - 1) - 2l = [ [ ([ worar)ae] < [ |

b 1
= [ [ 1higde]” = vE=aln:

b

(Lbh(tfdt)def

thus
s+ =10 = (dD(HM)],
i Tl =0

Therefore, I is differentiable at f for all f € X and (DI)(f) is given by (¢0). D




