Exercise Problem Sets 1
Feb. 26. 2021

Problem 1. Let A € R" be a bounded set, and f,g: A — R be functions. Show that

_L f(z)dr < JAg(:c) dr  and L f(z)de < Lg(x) de

Proof. By the fact that 7A < g* on R”, we find that
U(f,P)<U(g,P) and L(f,P)<L(g,P) Y partitions P of A.

Since f f(x)dzx is a lower bound for {U(f, P) ‘ P is a partition of A} and fg(as) dxr is an upper
A Ja
bound for {L(g, P) \73 is a partition of A}, we find that

J flx)de <U(f,P)<U(g,P) and L(f,P) < L(g,P) < J g(z)dxr VY partitions P of A.
A A

The inequalities above shows that J f(x)dz is a lower bound for {U(g,P) ! P is a partition of A}
A

and f g(x) dzx is an upper bound for {L(f, P) ‘ P is a partition of A}; thus we conclude that
JA

JA flz)dx < JAg(m) dx and L flz)de < f g(z) dz . i

A
Problem 2. Let A € R" be a bounded set, and f : [a,b] — R be a function.

1. Show that if f is Riemann integrable on A, then f is bounded.
2. Show that if f is Darboux integrable on A, then f is bounded.

Note that we in some sense use these properties in the proof of the equivalence between the Riemann

integrability and the Darboux integrability, so you’d better no use this equivalence in the proof.
Hint:

1. Let I =(R) J f(z)dz. There exists 6 > 0 such that if P is a partition of A, then any Riemann
A

sum of f for P locates in (I—1,1+1). Let P = {A1, Ay, --- , Ay} be a partition of A satisfying
|P|| < 6, and for each 1 < k < N, let ¢, be the center of Ag. Show that for each 1 < ¢ < N,

1 —A —A 1 —a
(A7) [I—l— Z flev(Ae)| < f(z) < A0 [1—1—1— Z T enr(Ay)| YzeA,.

1<O<N k£l 1<0<N k£l

2. Note that if P be a partition of A and A € P, then

—oo <sup [ (z) < o and — oo < inf f(z) < .
zeA reA

What happened to U(f, P) and L(f,P) if f is not bounded?



Proof. Since f is Riemann integrable on A, there exists I € R and § > 0 such that if P is a
partition of A satisfying ||P|| < ¢, then any Riemann sum of f for P locates in (I — 1,1+ 1).
Let P = {A1,Ay,--- ,Ax} be a partition of A satisfying |P| < J. For each 1 < k < N, let ¢
be the center of Agx. Then for each 1 < ¢ < N,

I-1< (2)r(A) + Z FHev(Ay) <T+1 Vael,

1<k<Nk#(
since f(z)v(Ay) + D k<N kst T (ce)v(Ay) is a Riemann sum of f for P. In particular,

I-1<fl@wA)+ Y Flaw(dy) <I+1  VYzeAnA.

1<k<N,k#¢
which further implies that
1 —A 1 —A
Al n T (B < f@) < s [1+1- T (c)v(A)]

Since f is real-valued, TA(ck) is a real number. The numbers M and m defined by

M = maX{V(lAZ) [I +1- Kk;\[’k#?/*(ck)y(Ak)} ’ 1</l< N} ;
m= min{y(lAé) [I -1- Kk;\[’kﬁf“(ck)l/(Ak)] ‘ 1</l< N} ;

are both real numbers. Moreover, m < f(z) < M for all z € A; thus f is bounded.

2. Let P be a partition of A, and A € P. Since f is real-valued, we must have

—oo <sup [ (z) < o and — oo < inf f(z) < 0.
TeA reA

The fact above implies that

(a) if f is not bounded from above, then U(f,P) = oo for all partitions P of A;
(b) if f is not bounded from below, then L(f, P) = —oo for all partitions P of A.

Therefore, if f is not bounded, either J f(z)dx = wor f f(z)dx = —oo; thus if f is Darboux
A Ja
integrable on A, then f must be bounded. =

Problem 3. 1. Let f : [0,1] — R be a bounded monotone function. Show that f is Riemann
integrable on [0, 1].

2. Let f :[0,1] x [0,1] — R be a bounded function such that f(z,y) < f(z,z) if y < z and
f(z,y) < f(t,2) if © < t. In other words, f(z,-) and f(-,y) are both non-decreasing functions
for fixed x,y € [0, 1]. Show that f is Riemann integrable on [0, 1] x [0, 1].



Problem 4. Let f : [a,b] — R be differentiable. Show that if f’ is Riemann integrable on [a, b],
b
then f fl@)de = f(b) — fla).

Hint: Use the Mean Value Theorem.

b
Proof. Let 1T = f f'(x)dz, and € > 0 be given. Since f’ is Riemann integrable on [a,b], there

exists d > 0 such that if P is a partition of [a,b] satisfying ||P| < 0, then any Riemann sum of
f for P locates in (I —¢,1+¢). Let P ={a = 29 < x; < --- < z,, = b} be such a partition.
Then the mean value theorem implies that for each 1 < k < n there exists ¢ € (xx_1, ) such that

f(xk) - f($k71) = f’(ck)(xk - :Uk,l); thus

f(b) = f(a) = Z [f(zk) = flzpor)] = Z few)(@p — 2p-1) -

k=1

Note that the right-hand side is a Riemann sum of f for P; thus f(b) — f(a) e I—¢,1+¢) or
I—e< f(b)— fla) <I+e.

Since € > 0 is given arbitrarily, we conclude that I = f(b) — f(a). o



