Exercise Problem Sets 4
Mar. 19. 2021

Problem 1. Let (M,d) and (N, p) be metric spaces, A € M, and fr : A — N be a sequence of
functions such that for some function f : A — N, we have that for all x € A, if {z}}}2; € A and

xr — T as k — oo, then
lim fi.(z) = f(z).
k—o0
Show that
1. {fx}{, converges pointwise to f.
2. If { fi, };il is a subsequence of {fi};Z,, and {z;}72, < A is a convergent sequence satisfying

that lim z; = x, then
j—w

lim fi (z;) = f(2).

J—®0

3. Show that if in addition A is compact and f is continuous on A, then {fx};, converges

uniformly f on A.
Proof. 1. Let x € A be given. Define {z;};>; by zx = « for all k£ € N. Then klim xp = x; thus
—0
k—a0 k—o0
which shows that {fi}72, converges pointwise to f.

2. Let {f;}72, be a subsequence of {fi};2,, and {z;}72, be a convergent sequence with limits x.

Define a new sequence {y,}7, by

Yy o 5 Uky = L1 Yka+1s " sy Ykitke = L2 "y Ykytkot-dket1s """ s Ykithotthkopy = L4157 5

that is, the first k; terms of {y,};2, is #1, the next kq terms of {y,};2, is z2, and so on. Then

{ye}72, converges to x;
Hm fe(ye) = f(x).
—00
o0

Since {fkJ (xj)}jzl is a subsequence of {fg(yg)}z.;l, jli_{g) Tr; (x;) = f(x).

3. Suppose the contrary that {f;}~; does not converge uniformly to f on A. Then there exists
€ >0 and N > 0 such that

sugp(fg(x),f(x)) >e Vi=N.

Therefore, for each ¢ > N, there exists x; € A such that

p(fe(xe), fxe)) =

DO ™



By the compactness of A, there exists a convergent subsequence {zy,}7, of {z/}Z . Suppose

that lim x,, = z. Since
j—0

p(fe,(xe,), flze,)) = g VjeN,

by the fact that }im fe(xe) = f(z) and that f is continuous at x, we obtain that
—00

p(f(x)af(x)) = lim (fﬁj(xfj)vf(xfj)) =

! )
J—©

DN ™

a contradiction. o

Remark 0.1. Using the inequality

€A

we find that if {fi}{_, converges uniformly to a continuous function f, then klim fr(xy) = f(z) as
—00

long as klim xr = x. Together with the conclusion in 3, we conclude that
—00

Let (M,d), (N, p) be metric spaces, K € M be a compact set, f : K — N be

a function for each k € N, and f : K — N be continuous. The sequence {fi}r=1

converges uniformly to f if and only if ]}im fr(xr) = f(x) whenever sequence
—00

0
{z}, € K converges to x.

Problem 2. Let (M,d) be a metric space, A € M, and f; : A — R be a sequence of functions (not

necessary continuous) which converges uniformly on A. Suppose that a € cl(A) and

lim fi(z) = Ly

r—a

exists for all k € N. Show that {L;};>, converges, and

lim lim fi(x) = lim lim fy(z).

z—a k—o0 k—o0 z—a

Proof. Let € > 0 be given. Since {f;},~; converges uniformly, there exists N; > 0 such that
|fe(z) = fo(z)] < % whenever k., > Ny and ze€ A. (%)
If a € cl(A), then the inequality above implies that
|Ly — Ly| = glcglgl}fk(a:) — fo(z)| < g <e whenever k0> Ny;

thus {Lx}7, is a Cauchy sequence in R. Therefore, {L;}72, converges. Suppose that klim L, =1L
—m

and {fi}r; converges uniformly to f. There exists Ny > 0 such that |L, — L| < % whenever k > Nj.

Moreover, passing to the limit as £ — oo in (), we obtain that

| fu(z) = f(2)] < % whenever k> Njand x € A.



Let N = max{Ny, No}. Since lim fy(z) = Ly, there exists § > 0 such that

|fn(z) — Ly| < g whenever x € B(a,d) n A.
Then if z € B(a,d) n A\{a},
F(2) = L] < |£(@) = f(@)| + () = Ll + [Ly — Ll < S+ + 2 =2
Therefore, glglir(ll f(z) = L which shows that lim lir?o fr(z) = lim lim fi(z). o

r—a k— k—o0 z—a

Problem 3. Prove the Dini theorem:

Let K be a compact set, and f; : K — R be continuous for all £ € N such that
{fx}x=1 converges pointwise to a continuous function f : K — R. Suppose that

fr < fry1 for all k€ N. Then {fi}72, converges uniformly to f on K.

Hint: Mimic the proof of showing that {c;};; converges to 0 in Lemma 6.64 of the Lecture Note.

Proof. Suppose the contrary that there exist € > 0 such that

limsupsup |fy(z) — f(z)| = 2¢.

k—owo zeK

Then there exists 1 < k; < ky < --- such that

max |, (v) = @] = sup |fi, (z) = f(2)| > <.

reK

In other words, for some ¢ > 0 and strictly increasing sequence {k;}72, < N,
Fi={zeK|f(x)— fu,(xr) =2e} #@F VjeN.

Note that since fi, < fry1 forall k e N, F; 2 Fj; for all j € N. Moreover, by the continuity of f and
f, Fj is a closed subset of K; thus F} is compact. Therefore, the nested set property for compact sets
implies that (.2, Fj is non-empty. In other words, there exists # € K such that f(z) — fi,(z) > ¢
for all j € N which contradicts to the fact that f, — f p.w. on K. =

Problem 4. Let (M,d) and (N, p) be metric spaces, A < M, and f;, : A — N be uniformly
continuous functions, and { fi}{_, converges uniformly to f : A — N on A. Show that f is uniformly

continuous on A.
Proof. Let € > 0 be given. Since {fi};°; converges uniformly to f, there exists N > 0 such that
p(fr(z), f(z)) < % whenever k> N and z € A.
Since fx is uniformly continuous, there exists o > 0 such that
p(fN(xl), fN(xg)) < % whenever x1,79 € A and d(z1,22) < 0.
Therefore, if x1, x5 € A satisfying d(z1,x2) < 0, we have

P(f($1)7 f(%)) < P(f(%% fN(xl)) + p(fN<x1)a fN($2)) + P(fN(@)a f($2))

<€+€+5—5'
3 3 3 7

thus f is uniformly continuous on A. =



Problem 5. In this problem, do NOT use the Dominated Convergence Theorem. Complete the
following.

1. Suppose that fx, f, g : [0,00) — R are functions such that
(a) VR >0, fr and g are Riemann integrable on [0, RJ;
(b) |fr(x)| < g(x) for all ke N and z € [0, 00);

)
)

(c) YR >0, {fx}, converges to f uniformly on [0, R];
)

(d Jooog(x)dx = lim JRg(x)dx < 0.

R—o Jy

0 0
Show that klirn fr(z)dr = J f(x)dx; that is,
—00 0

R
pm [ et = ot [ s

1 ifk—1<z<k,

Find the (pointwise) limit f of the
0 otherwise.

2. Let fi(x) be given by fr(z) = {

Q0 Q0
sequence {f}7;, and check whether klim f fr(x)de = f f(z)dz or not. Briefly explain why
—® Jo 0

one can or cannot apply 1

kl’4 k—o0

3. Let fr:[0,00) — R be given by fi(z) = ° Find lim j fr(z

Proof. 1. First we note that since | fx(z)| < g( ) for all x € R, passing to the limit as k — oo shows
that | f(z)| < g(z) for all z € R.

0

R
Let € > 0 be given. Since }%Hn g(x)dx = J g(x) dx exists, there exists M > 0 such that
0

f x_” d:z:—J (x)dx‘<§ VR> M.

M M
Since {fi}72, converges uniformly on [0, M], klim fr(z)dx = f f(z) dx; thus there exists
—® Jo 0
N = 0 such that

‘LMfk(x)dﬁ—LMf(m)dx‘<§ whenever k> N.

Therefore, if K > N, we have

ffk d:c—ff d:r;\J fulz dx—f flo d:c’JrJ yd:c+foo\fk(x)|dx

2 d —_ =
<3—|— JM g(x) x<3+3

o0 o0
thus lim J fr(x)de = J f(z)dz. This implies that
0

k—0o0 0

k—0o0 R—o0

R 0 0 R
hm lim f fr(x)dz = klim f fr(x)dx = f f(x)de = I%im f(x)dx
—%Jo 0 —%Jo

R
= lim limJ fr(x)dx

R—00 k—o0 0



2. If x € [0,0), we have x < N for some N € N (by the Archimedean property); thus for k > N

we have fr(z) = 0. In other words, {fi}r; converges pointwise to the zero function. Let f be

Loofk(x)dx:fl1dx:1

Q0 0
so that klim f fe(x)de =1+#0= J f(x)dz. This is because we cannot find an integrable
—© Jo 0

the zero function. Then

g satisfying that ‘ fr(z ‘ <y
then g(z) > 1 for all z € [0,

(z) for all x € [0,00). In fact, if |fx(z)| < g(x) for all z € [0,0),
).

. Let g(z) = 1fx4. Then |fi(z)| < g(z) for all z € [0,00) and k € N. Since g(z) < = for
z € [0,1] and g(z) < & for x > 1, we find that
0 1 © 1 1 1
fo g(x)dxéfoxdquL Ed:p:§+§:1<oo.
Moreover,

fi() = 1+ kat —4dka* 1 —3ka!
k (14 kxh)2 (14 kat)?
which implies that for each R > 0,

(3k)~4 R 3/1\1
< o2 - 34
xz[u%]\fk(w)\ | fe(0)] + | fe(R)] + e el
Therefore, the Sandwich Lemma implies that lim sup |fy(z)| = 0 which shows that {f;}7

k= ze(0,R]
converges uniformly to the zero function on [0, R] for every R > 0. By 1,



