Exercise Problem Sets 8

Apr. 24. 2021
Problem 1. Compute the Fourier series of the function f : (—7m,7) — R defined by
0 —rT<x<0,
f(x):{ T—x 0<z<m,
and show that . )
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Also use the Fourier series of the function y = z? (which we talked about in class)
2

2 T o (=1)
s(x,x):§+42 12 cos kx

k=1
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to conclude (*).
Solution. We compute the Fourier coefficients as follows. For k € N,

= 1 ™
- EJ cos(kx) dx] =

—(m — x) cos(kx)

Sk = 1 JW(W —z)sin(kz) de = 1 [

T Jo 7 k z=0 0
and
1 (" 1 — in(kx)z= 1 (7
k= ;L (m — ) cos(kx) dox = - [(7 x)ksm( z) . + Efo sin(kx) d:v}
~ —cos(kx)jr=r  1— (1)
R le=0 k2w
while

1 T
coz—f (ﬂ—x)dx:g.
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Therefore, by the fact that lim f(z) =0 and lim f(z) =,

—0— z—0t

0 if —r<2<0,

T ol (=1)F 1 .
—+Z<—cos(k‘:p)+—sin(kx)>: T—z if0<z<m,
4~ k2 k -
B — ifzx=0.
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We note that the case x = 0 implies that
T i 1—(—=1)k
2 4 4 k2
which shows the identity
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We also note that the identity above can be obtained by
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so that
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Problem 2. In class we prove that the theorem

Let f:R — R be 2L-periodic piecewise Holder continuous with exponent « € (0, 1].
Then

T _
f(%)‘;f(%) VigeR.

Moreover, if z( is a jump discontinuity of f and

flag) = flzg) =a#0,

nh—1>1010 Sn(f7 xO) =

. 1 (™ si
then there exists a constant ¢ = J S
™ Jo

dx — % ~ 0.089490 such that
X

=) = f(z7) + ca.

b(

lim s, (f, To +
n—00 n

holds for L = 7. Use this fact to prove that the theorem holds for general L > 0.

Proof. Suppose that the theorem holds for the case L = w. Let f : R — R be 2L-periodic piecewise
Holder continuous with exponent « € (0,1]. Define g : R — R by g(x) = f (E) (or equivalently,
T

f(z) = g(%)) Then g is 2m-periodic piecewise Holder continuous exponent « € (0, 1], and

Lx X
sn(g, ) = su(f, 7) and sn(f, ) = sn(g, f)
Let yo = a:g - By the fact that lim h(cx) = l(im)+ h(z) if ¢ > 0,
ToTy y—\cxo)—
1 .
lim s,(f,z) = hm Sn(g,y0) = [ lim g(y) + lim g(y)}
e 2 y—=ug y—Yo
+ —
1[ lim g( ) + lim g(ﬂ)} — 1[ hm £(z) + lim f(:l:)] _ fzg) + f(xg) .
2 :L‘—>:L‘0 T>T L 2 x—»:co T—x ) 2

Moreover, if z( is a jump discontinuity of f, then y, is a jump discontinuity of g so that
. L . T L . 7T
T s, (f, 0+ =) = lim sy (g, 7 (w0 + —)) = lim s,(g, 90 + )

= hm g(y) + [ hm 9(y) — lim g(y)}

y—ug y—ug Y=Y
= lim g( L) [ lim g( 7 ) — limig(%x)] = f(zf) + ca.
x—»zo x—»x T
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Similarly, T}EIOIO Sn (f, o + E) = f(zy) — ca. o



Problem 3. For a given function f : [0, L] — R, the even extension of f is a function f : [~L, L] — R
such that

f(z) = f(—2) Vae[-L,0).

1. Let f:[0,L] — R be an integrable function. The cosine series of f is the Fourier series of the

even extension of f. Find the cosine series of f.
2. Suppose in addition f : [0, L] — R is piecewise Holder continuous with exponent « € (0, 1].

flzg) + flxg)

Show that the cosine series of f at z( € (0, L) converges to 5

Proof. 1. Let f be the even extension of f, and {c;}?,, {sx}i, be the Fourier coefficients of f.
Then by the fact that f is even, s, = 0 for all k € N. Moreover,

—lJL f(z) coslm—xd:c— ff cos—d:c—i— J f(—= Cos—dx
J f(z coslm—xdx JL f(z)cos k(=2 )d(—x)

L
k
J f(z) cos —ﬂx dz .

Therefore, the cosine series of f is

kmx

s(f, Jf d:v+ P Jf Cosk—dy>cosT

2. If f is piecewise Holder continuous with exponent a € (0,1], then the odd extension f of f is

also piecewise Holder continuous with exponent « € (0, 1]; thus

o7 ) = T2 Floi) _ Se) o)

+ —
which shows that the cosine series of f at zg € (0, L) converges to W. o

Problem 4. For a given function f : [0, L] — R, the odd extension of f is a function f : [-L, L] — R
such that

f(z) = —f(—x) Vxe[-L,0).

1. Let f:[0,L] — R be an integrable function. The sine series of f is the Fourier series of the

odd extension of f. Find the cosine series of f.

2. Suppose in addition f : [0, L] — R is piecewise Holder continuous with exponent « € (0, 1].

F(g) + fxg)

Show that the sine series of f at xy € (0, L) converges to 5



Proof. 1. Let f be the odd extension of f, and {cx}?, {sk};2, be the Fourier coefficients of f. Then
by the fact that f is odd, ¢, = 0 for all k€ N U {0}. Moreover,

L
—lf f(z) sinlm—xdas— Jf sin@dx——f f(— sinlm—xdas

f f(z Sln—dx - = f(x) sin

= Zfo f(x)sindex.

Therefore, the sine series of f is

fx :%i ff sm—dy)sinlme.

2. If f is piecewise Holder continuous with exponent a € (0,1], then the odd extension f of f is

also piecewise Holder continuous with exponent « € (0, 1]; thus

- f(@g) + flag) _ flag) + f(zg)

S(f7 [Eo) = 9 = 9
_l’_ —
which shows that the sine series of f at zg € (0, L) converges to W. a
Problem 5. Find the cosine series and the sine series of the function f : [0,7] — R given by
1
fla) = 5-(z —m).
Solution. 1. For k # 0,
2 (™1 1 (™ 1 inkxz=r 1 ("
—f —(r—m)coskzdr = —; :vcoskxd.r:—z[xsm ’ ——f sinkxdm}
T Jo 2m 7 Jo 7r ko le=0 Kk Jy
1 e=r  (=1)F -1
= a2 e w—0  k2m2
while
2 (M1 1 T=m 1
—J —(r—7)dr = —(z —m)? =—=
T )y 2m 272 2=0 2
Therefore, the cosine series of f is
1 2G|
—— = =y ——cos(2k — 1)z
4 72 kZ::l (2k —1)2
2. For k # 0,
2 (™1 1 (7
—J ~—(z—m)sinkzdr = — | (z—7)sinkzdr
T Jo 2m ™ Jo
1 —(x—m)coskxj=n 1 (7 -1
- - kzd } —
7r2[ k a:0+k:JOCOS$w km

Therefore, the sine series of f is

_%i mkx .



