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May. 14. 2021

Problem 1. Let f,g € . (R™). Show that
L Z(f+g)=F-3. 2F(f+9=[3 3 F(f9)=7+3 4 F'(fg)=F~F
Proof. 1. See the proof of Theorem 9.25 in the lecture note.

2. Replacing e~¢ by €™ in the proof of Theorem 9.25 in the lecture note provides a proof of

F*(fxg) = fv g. One can also prove as follows. Let = be the reflection operator. Then

n

~ ~ ~

FH(*xg)&) = F ([ x9)(=8) = (=€) - §(=¢) = [(£) - 9(&§) = (&) - 9(&) -

3. By 2, 3"*(]?* g) = f § = f - g; thus by the Fourier inversion formula,

~

FxG=FF([+9)=F(f9g).

~

4. By 1, Z(f*g) = ]\{ 3 = f - ¢g; thus by the Fourier inversion formula,

~ ~

[xg=F"F(fxg)=F(f9). 2
Problem 2. Find the Fourier transform of the following functions.
1. f:R — R given by f(z) = ze~ " for t > 0.

2. f:R —Rgiven by f(x) = X(—a,a)(2), the characteristic (indicator) function of the set (—a, a).

3 fRoRavenby f@) =1 ¢ 1770 erer= 0
. fiR— e = ere t > 0.
given by f(x 0 ife<o, wher
Solution. 1. Integrating by parts,
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Noting that with P,(z) = \26_12%, the formula P,(¢) = e~2%” implies that
1 ~ 1 2
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thus f(€) = ——% e



2. We integrate directly and obtain that if £ # 0

~
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3. Since t > 0, I%im e~ HHOR — 0 for all £ € R; thus
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Problem 3. A vector-valued function w = (uy,ug, -+ ,u,) : R* — R™ is called a Schwartz function,

still denoted by we . (R"), if u; € #(R") for all 1 < j < n. Show the Korn inequality
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where €;;(u) = 5((%‘ + a;
j i

Hint: Use Lemma 9.11 in the lecture note and the Plancherel formula.

) is the symmetric part of Du.

Proof. By the Plancherel formula,
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Problem 4. 1. Let d, denote the dilation operator defined by d, f(x) = f (;) Show that
F(d f) =r"dy, F(f) Ve S R").

2. In some occasions (especially in engineering applications), the Fourier transform and inverse

Fourier transform of a (Schwartz) function f are defined by
f© = f@e ™ e and  fla)= | [fE)e*dE.
R" an

Show that under this definition, ]? = f = f for all f € (R™). Note that you can use the

Fourier Inversion Formula that we derive in class.

Proof. Let . denote the Fourier transform operator that we used in class, and ~ be the Fourier

transform operator in this problem.

1. Let d, denote the dilation operator define by (d,f)(xz) = f(rz). By the change of variables

formula,
F(d, f)(§) \/ﬂ fn Ye " dy = \ﬁ f(?“_lx)e—mg dx
—iry-£,.n _ —iy-(r€)
\/ﬂ f( Jem"Ert dy = m Rnf( y)e dy

= 7’"9(1‘1)(7“5) =r"[d1.F ()] (€) .-
Therefore, Z (d, f) = r"dy ;7 (f) for all f e 7 (R").

2. Replacing f by dy/.f in the equation established in 1, we find that

F(f)=F(ddif) =r"di F(d:if) ¥V [feSR"). (o)
Similarly, #*(d,.f) = r"d%ﬁ*(f) so that
ﬁ*<f>:7’nd%y*(d%f) ery(Rn). (<><>)
Note that
fie) = | s de = var" 7 (1) (2n) = V=" [d, 2 ()16
1 n I
= W(%) [dLZ()](E) = mn'f(d%rf)(g)
and
F€) = F(-6) = —n T (dan f)(~€) = —=n T (dan ().

\/7n

Therefore, (¢) implies that

X 1 4 1 1
1) =~ (e P)E) = o (pmnan P (e ) ()
FH((27) " e T (dn ) () = FHFL)(E) = F(©).

Similarly, (¢¢) implies that

~
~

() = F((27) "d2x T " (don f)) (§) = T (T F)(€) = F(£).- o



