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Problem 1. Let α ą 0 be given. Show that the Fourier transform of the function

f(x) =
1

Γ(α)

ż 8

0

tα´1e´te´t|x|2dt

is positive.

Proof. For ξ P Rn, define g(x, t) = tα´1e´te´t|x|2eix¨ξ. By the Tonelli Theorem,
ż

Rnˆ(0,8)

ˇ

ˇg(x, t)
ˇ

ˇ d(x, t) =

ż

R

ż 8

0

tα´1e´te´t|x|2dtdx =

ż 8

0

tα´1e´t
( ż

R
e´t|x|2 dx

)
dt

=

ż 8

0

tα´1e´t
( t
π

)n
2
dt =

1
?
π

n

ż 8

0

t
n
2
+α´1e´t dt =

Γ(n
2
+ α ´ 1)
?
π

n ă 8 .

The computation above also shows that f P L1(Rn). Therefore, the Fubini Theorem implies that

Γ(a) pf(ξ) =
1

?
2π

n

ż

Rn

f(x)e´ix¨ξ dx =
1

?
2π

n

ż

Rn

( ż 8

0

tα´1e´te´t|x|2dt
)
e´ix¨ξdx

=
1

?
2π

n

ż

Rn

( ż 8

0

tα´1e´te´t|x|2e´ix¨ξdt
)
dx =

ż 8

0

tα´1e´t
( 1

?
2π

n

ż

Rn

e´t|x|2e´ix¨ξdx
)
dt

=

ż 8

0

tα´1e´tFx[e
´t|x|2 ](ξ) dt =

ż 8

0

tα´1e´t
?
2t

n
e´

|ξ|2

4t dt ą 0 .

The positivity of pf then follows from the fact that Γ(α) ą 0. ˝

Problem 2. Compute the Fourier transform of the function f : Rn Ñ R given by f(x) = |x|α, where
´n ă α ă 0, by the following procedure.

1. Show that f R L1(Rn).

2. Recall that the Gamma function Γ : (0,8) Ñ R defined by Γ(x) =
ż 8

0
tx´1e´t dt. Show that

|x|α =
1

Γ(´α
2
)

ż 8

0

s´α
2

´1e´s|x|2 ds @x ‰ 0 .

3. Assume that you can apply the Fubini Theorem to obtain that
ż

Rn

( ż 8

0

s´α
2

´1e´s|x|2e´ix¨ξ ds
)
dx =

ż 8

0

( ż

Rn

s´α
2

´1e´s|x|2e´ix¨ξ dx
)
ds .

Find that Fourier transform of f .

4. Find the Fourier transform of the function g : Rn Ñ R given by g(x) = x1|x|α, where x1 is the
first component of x and ´n ´ 2 ă α ă ´2.



Hint: 4. For a distribution T , for each 1 ď j ď n one should treat BT

Bxj
as the tempered distribution

defined by
x

BT

Bxj
, ϕy = ´

@

T,
Bϕ

Bxj

D

@ϕ P S (Rn) .

It can be shown that the Fourier transform of the tempered distribution BT

Bxj
is iξj pT (ξ) (you should try

to prove this simple fact using of Lemma 9.11 in the lecture note). Note that g(x) = 1

α+ 2

B

Bx1
|x|α+2

so that you can apply the results above.

Proof. 1. By the change of variables formula,
ż

Rn

|x|α dx =

ż

Sn´1

ż 8

0

rαrn´1drdS = ωn´1

ż 8

0

rα+n´1 dr = 8 .

Therefore, f R L1(Rn).

2. By the substitution of variable s|x|2 = t (for x ‰ 0),
ż 8

0

s´α
2

´1e´s|x|2 ds =

ż 8

0

|x|α+2t´
α
2

´1e´t|x|´2 dt = |x|α
ż 8

0

t´
α
2

´1e´t dt = |x|αΓ
(

´
α

2

)
.

Therefore, |x|α =
1

Γ
(

´
α

2

) ż 8

0

s´α
2

´1e´s|x|2 ds.

3. Assume that
ż

Rn

( ż 8

0

s´α
2

´1e´s|x|2e´ix¨ξ ds
)
dx =

ż 8

0

( ż

Rn

s´α
2

´1e´s|x|2e´ix¨ξ dx
)
ds .

Using the expression of |x|α in 2, we find that

Γ
(

´
α

2

)
Fx[|x|α](ξ) =

1
?
2π

n

ż

Rn

( ż 8

0

s´α
2

´1e´s|x|2e´ix¨ξ ds
)
dx

=
1

?
2π

n

ż 8

0

( ż

Rn

s´α
2

´1e´s|x|2e´ix¨ξ dx
)
ds =

ż 8

0

s´α
2

´1
( 1

?
2π

n

ż

Rn

e´s|x|2e´ix¨ξ dx
)
ds

= 2´n
2

ż 8

0

s´n+α
2

´1e´
|ξ|2

4s ds

and the substitution of variable t = |ξ|2

4s
implies that

Γ
(

´
α

2

)
Fx[|x|α](ξ) = 2´n

2

ż 8

0

s´n+α
2

´1e´
|ξ|2

4s ds = 2´n
2

ż 8

0

(4t)
n+α
2

+1|ξ|´n´α´2e´t |ξ|2

4t2
dt

= 2
n
2
+α|ξ|´α´n

ż 8

0

t
n+α
2

´1e´t dt = 2
n
2
+α|ξ|´α´nΓ

(n+ α

2

)
.

Therefore, Fx[|x|α](ξ) =
Γ
(n+ α

2

)
Γ
(

´
α

2

) 2
n
2
+α|ξ|´α´n.



A rigorous approach is given as follows. For a given Schwartz function ϕ P S (Rn), define
g(x, s) = s´α

2
´1e´s|x|2

pϕ(x) and h(ξ, s) = s´n
2

´α
2

´1e´
|ξ|2

4s ϕ(ξ). Then
ż

Rnˆ(0,8)

ˇ

ˇg(x, s)
ˇ

ˇ d(x, s) =

ż

Rn

( ż 8

0

s´α
2

´1e´s|x|2
ˇ

ˇpϕ(x)
ˇ

ˇ ds
)
dx

=

ż

Rn

|x|α
ˇ

ˇpϕ(x)
ˇ

ˇ dx =

ż

Sn´1

( ż 8

0

rn+α´1
ˇ

ˇpϕ(rω)
ˇ

ˇ dr
)
dS

and
ż

Rnˆ(0,8)

ˇ

ˇh(ξ, s)
ˇ

ˇ d(ξ, s)

=

ż

Rn

( ż 8

0

s´n
2

´α
2

´1e´
|ξ|2

4s

ˇ

ˇϕ(ξ)
ˇ

ˇ ds
)
dξ =

ż

Rn

( ż 8

0

s´n
2

´α
2

´1e´
|ξ|2

4s ds
)

ˇ

ˇϕ(ξ)
ˇ

ˇ dξ

=

ż

Rn

( ż 8

0

(4t)
n
2
+α

2
+1|ξ|´n´α´2e´t |ξ|2

4t2
dt
)

ˇ

ˇϕ(ξ)
ˇ

ˇ dξ

= 2n+α

ż

Rn

( ż 8

0

t
n+α
2

´1e´t dt
)

|ξ|´n´α
ˇ

ˇϕ(ξ)
ˇ

ˇ dξ

= 2n+αΓ
(n+ α

2

) ż

Rn

|ξ|´n´α
ˇ

ˇϕ(ξ)
ˇ

ˇ dξ .

Since
ż 8

0

rn+α´1
ˇ

ˇpϕ(rω)
ˇ

ˇ dr ď }pϕ}8

ż 1

0

rn+α´1dr + sup
xPRn

(
|x|n

ˇ

ˇpϕ(x)
ˇ

ˇ

) ż 8

1

rα´1dr

ď
}ϕ}L1(Ω)

n+ α
+

1

´α
sup
xPRn

(
|x|n

ˇ

ˇpϕ(x)
ˇ

ˇ

)
ă 8

and
ż

Rn

|ξ|´n´α
ˇ

ˇϕ(ξ)
ˇ

ˇ dξ ď

ż

Rn

xξy´n´1xξy1´α
ˇ

ˇϕ(ξ)
ˇ

ˇ dξ ď
›

›xξy}L1(Rn) sup
ξPRn

xξy1´α
ˇ

ˇϕ(ξ)
ˇ

ˇ ă 8 ,

we find that g and h are integrable on Rn ˆ (0,8). By the definition of the Fourier transform
of tempered distributions,

x|x|α, pϕy =

ż

Rn

|x|αpϕ(x) dx =
1

Γ
(

´
α

2

) ż

Rn

( ż 8

0

s´α
2

´1e´s|x|2 ds
)

pϕ(x) dx

and the Fubini Theorem (which can be applied since g is integrable on Rn ˆ (0,8)) implies
that

Γ
(

´
α

2

)
x|x|α, pϕy =

ż

Rn

( ż 8

0

s´α
2

´1e´s|x|2 ds
)

pϕ(x) dx =

ż 8

0

( ż

Rn

s´α
2

´1e´s|x|2
pϕ(x) dx

)
ds

=

ż 8

0

s´α
2

´1xe´s|x|2 , pϕ(x)y ds =

ż 8

0

s´α
2

´1xFx[e
´s|x|2 ](ξ), ϕ(ξ)y ds

=

ż 8

0

s´α
2

´1
( ż

Rn

(2s)´n
2 e´

|ξ|2

4s ϕ(ξ) dξ
)
ds

= 2´n
2

ż 8

0

s´n
2

´α
2

´1
( ż

Rn

e´
|ξ|2

4s ϕ(ξ) dξ
)
ds .



By the integrability of h on Rn ˆ (0,8), we can apply the Fubini Theorem to obtain that

Γ
(

´
α

2

)
x|x|α, pϕy = 2´n

2

ż 8

0

s´n
2

´α
2

´1
( ż

Rn

e´
|ξ|2

4s ϕ(ξ) dξ
)
ds

= 2´n
2

ż

Rn

( ż 8

0

s´n
2

´α
2

´1e´
|ξ|2

4s ds
)
ϕ(ξ) dξ

= 2
n
2
+αΓ

(n+ α

2

) ż

Rn

|ξ|´n´αϕ(ξ) dξ

= 2
n
2
+αΓ

(n+ α

2

)
x|ξ|´n´α, ϕ(ξ)y .

Therefore, Fx[|x|α](ξ) =
Γ
(n+ α

2

)
Γ
(

´
α

2

) 2
n
2
+α|ξ|´α´n.

4. Since F
[ BT

Bxj

]
(ξ) = iξj pT (ξ), and g(x) =

1

α+ 2

B

Bx1
|x|α+2, by the fact that |x|α+2 is a tempered

distribution for ´n ă α + 2 ă 0, we conclude that if ´n ´ 2 ă α ă ´2, we have

pg(ξ) =
1

α+ 2
iξ1Fx

[
|x|α+2

]
(ξ) = i

Γ
(n+ α+ 2

2

)
Γ
(

´
α+ 2

2

) 2
n
2
+α+2

α + 2
ξ1|ξ|´α´n´2 . ˝

Problem 3. Let f P L1(R). Show that the function y =
ż x

´8

f(t) dt can be written as the convolution

of f and a function φ P L1
loc(R).

Proof. Let φ be the characteristic function of the set (0,8), or

φ(x) =

"

1 if x ą 0 ,
0 if x ď 0 .

Then φ P L1
loc(R), and

(φ ˙ f)(x) =

ż

R
φ(x ´ y)f(y) dy =

ż x

´8

f(y) dy

which is the anti-derivative of f . ˝

Problem 4. In this problem we use symbolic computation to find the Fourier transform of the
function

f(x) =

$

&

%

sin(ωx)
x

if x ‰ 0 ,

ω if x = 0 ,

without knowing that it is the Fourier transform of the function y =
b

π

2
χ(´ω,ω)(x) (where χ(´ω,ω) is

the characteristic/indicator function of the set (´ω, ω)). Complete the following.

1. In class we have shown that f R L1(R) but f P S (R)1. Let pf be the Fourier transform of
f (in the sense of the Fourier transform of tempered distributions). Formally we can write
pf(ξ) =

1
?
2π

ż 8

´8

sin(ωx)
x

e´ixξ dx and assume that we can differentiate pf using



pf 1(ξ) =
d

dξ

(
1

?
2π

ż 8

´8

sin(ωx)
x

e´ixξ dx
)
=

1
?
2π

ż 8

´8

B

Bξ

(sin(ωx)
x

e´ixξ
)
dx .

Find the “derivative” of pf .

2. Suppose that you can use the Fundamental Theorem of Calculus so that

pf(ξ) ´ pf(0) =

ż ξ

0

pf 1(t) dt .

Use the fact that
ż 8

´8

sinx
x

dx = π (and treating δ˘ω as the evaluation operation at ˘ω) to find
pf(ξ) (for ξ ‰ ˘ω).

Hint: 1. Recall that we have shown in class that Fx[sin(ωx)](ξ) =
?
2π

2i
(δω ´ δ´ω).

Proof. 1. Using

pf 1(ξ) =
d

dξ

(
1

?
2π

ż 8

´8

sin(ωx)
x

e´ixξ dx
)
=

1
?
2π

ż 8

´8

B

Bξ

(sin(ωx)
x

e´ixξ
)
dx ,

we find that

pf 1(ξ) =
´i

?
2π

ż 8

´8

sin(ωx)e´ixξ dx = ´iFx

[
sin(ωx)

]
(ξ) = ´

c

π

2
(δω ´ δ´ω) .

A rigorous approach is given as follows. Let ϕ P S (R). Then by the “definition” of the
derivative of tempered distributions,

x pf 1, ϕy = ´x pf, ϕ 1y = ´xf, pϕ 1y = ´xf(x), ixpϕ(x)y = ´ixsin(ωx), pϕ(x)y

= ´ixFx[sin(ωx)](ξ), ϕ(ξ)y

which shows that
pf 1(ξ) = ´iFx[sin(ωx)](ξ) = ´

c

π

2
(δω ´ δ´ω) .

2. Note that
pf(0) =

1
?
2π

ż

R

sin(ωx)
x

eix¨0 dx =
1

?
2π

ż 8

´8

sin y
y

dy =

c

π

2
;

thus the Fundamental Theorem of Calculus implies that

pf(ξ) = pf(0) +

ż ξ

0

pf 1(t) dt =

c

π

2

[
1 ´

ż ξ

0

[
δω(t) ´ δ´ω(t)

]
dt
]
.

(a) If ξ ă 0, then
ż ξ

0

[
δω(t) ´ δ´ω(t)

]
dt = ´

ż

R

[
δω(t) ´ δ´ω(t)

]
1[ξ,0](t) dt = 1[ξ,0](´ω) ;

thus
ż ξ

0

[
δω(t) ´ δ´ω(t)

]
dt =

#

0 if ´ω ă ξ ă 0 ,

1 if ξ ă ´ω .



(b) If ξ ą 0, then
ż ξ

0

[
δω(t) ´ δ´ω(t)

]
dt =

ż

R

[
δω(t) ´ δ´ω(t)

]
1[0,ξ](t) dt = 1[0,ξ](ω) ;

thus
ż ξ

0

[
δω(t) ´ δ´ω(t)

]
dt =

#

0 if 0 ă ξ ă ω ,

1 if ξ ą ω .

Therefore,
ż ξ

0

[
δω(t) ´ δ´ω(t)

]
dt =

#

0 if ´ω ă ξ ă ω ,

1 if |ξ| ą ω ,

which shows that pf(ξ) =
b

π

2
1(´ω,ω)(ξ). ˝

Problem 5. 1. Show that the function R : R Ñ R given by

R(x) =

"

x if x ě 0 ,

0 otherwise ,

is a tempered distribution.

2. Let T be a generalized function defined by

xT, φy = lim
ϵÑ0+

ż

Rz[´ϵ,ϵ]

φ(x)

x
dx = lim

ϵÑ0+

( ż ´ϵ

´8

+

ż 8

ϵ

)φ(x)
x

dx @φ P C 8
c (R) .

Show that T P S (R)1.

3. Let H be the Heaviside function given by

H(x) =

#

0 if x ď 0 ,

1 if x ą 0 .

Show that pH =
´i

?
2π
T +

b

π

2
δ, here δ is the Dirac delta function.

Hint: 3. Let G(x) = exp
(

´
x2

2

)
. For each ϕ P S (R), define ψ = ϕ ´ ϕ(0)G (which belongs to

S (R)). Use the identity
x pH,ϕy = xH, pψy ´ ϕ(0)xH, pGy

to make the conclusion.

Proof. 1. Let ϕ P S (Rn). Then
ˇ

ˇxR, ϕy
ˇ

ˇ =
ˇ

ˇ

ˇ

ż 8

0

xϕ(x) dx
ˇ

ˇ

ˇ
ď

( ż 8

0

|x|xxy´3 dx
)

sup
xPR

xxy3
ˇ

ˇϕ(x)
ˇ

ˇ

ď

( ż 8

0

1

1 + x2
dx

)
p3(ϕ) =

π

2
p3(ϕ) ;

thus
ˇ

ˇxR, ϕy
ˇ

ˇ ď
π

2
pk(ϕ) @ k ě 3 .

Therefore, R is a tempered distribution.



2. For φ P S (R), define ψ : R Ñ R by

ψ(x) =

$

&

%

ϕ(x) ´ ϕ(0)

x
if x ‰ 0 ,

ϕ 1(0) if x = 0 .

Then clearly ψ is continuous on R, and

sup
xP[´1,1]

ˇ

ˇψ(x)
ˇ

ˇ ď sup
xP[´1,1]

ˇ

ˇϕ 1(x)
ˇ

ˇ ď p1(ϕ) .

By the fact that
ż 1

´1

ψ(x) dx = lim
ϵÑ0+

ż

[´1,1]z(´ϵ,ϵ)

ψ(x) dx ,

we find that

xT, ϕy = lim
ϵÑ0+

ż

Rz(´ϵ,ϵ)

ϕ(x)

x
dx =

ż

Rz[´1,1]

ϕ(x)

x
dx+ lim

ϵÑ0+

ż

[´1,1]z(´ϵ,ϵ)

ϕ(x)

x
dx

=

ż

Rz[´1,1]

ϕ(x)

x
dx+ lim

ϵÑ0+

ż

[´1,1]z(´ϵ,ϵ)

ϕ(x) ´ ϕ(0)

x
dx

=

ż

Rz[´1,1]

ϕ(x)

x
dx+

ż 1

´1

ψ(x) dx .

Therefore, xT, ϕy P C for all ϕ P S (R). Moreover,

ˇ

ˇxT, ϕy
ˇ

ˇ ď

ż

Rz[´1,1]

ˇ

ˇ

ˇ

ϕ(x)

x

ˇ

ˇ

ˇ
dx+

ż 1

´1

ˇ

ˇψ(x)
ˇ

ˇ dx ď

ż

Rz[´1,1]

|x|´2|x|
ˇ

ˇϕ(x)
ˇ

ˇ dx+ 2p1(ϕ)

ď

(
2 +

ż

Rz[´1,1]

|x|´2 dx
)
p1(ϕ) = 4p1(ϕ) ;

thus
ˇ

ˇxT, ϕy
ˇ

ˇ ď 4pk(ϕ) for all k ě 1. This implies that T is a tempered distribution.

3. Define Hn(x) = χ(0,n)(x). For a Schwartz function ϕ P S (R), define ψ = ϕ ´ ϕ(0)G. Then
ψ P S (R), and

x pH,φy = x pH,ψy + φ(0)x pH,Gy = xH, pψy + φ(0)xH, pGy

= lim
nÑ8

xHn, pψy + φ(0)xH,Gy

= lim
nÑ8

1
?
2π

ż n

0

( ż 8

´8

ψ(x)e´ixξdx
)
dξ +

c

π

2
φ(0)

where we have used the fact that xH,Gy =
b

π

2
to conclude the last equality.

Define f by f(x) =
ψ(x)

x
or to be more precise, f(x) =

$

&

%

ψ(x)

x
if x ‰ 0 ,

ψ 1(0) if x = 0 ,
. Then f is a

Schwartz function. In fact, we have ψ(x) = xf(x) for all x P R and the Lebnitz rule implies
that for j ě 0,

xf (j)(x) = ψ(j)(x) ´ jf (j´1)(x)



which implies that
|x|k

ˇ

ˇf (j)(x)
ˇ

ˇ ď |x|k
ˇ

ˇψ(j)(x)
ˇ

ˇ + k|x|k´1
ˇ

ˇf (j´1)(x)
ˇ

ˇ

so that the boundedness of |x|k
ˇ

ˇf (j)(x)
ˇ

ˇ can be proved by induction.

By Fubini’s Theorem,
ż n

0

( ż 8

´8

ψ(x)e´ixξdx
)
dξ =

ż 8

´8

( ż n

0

ψ(x)e´ixξdξ
)
dx ;

thus

x pH,φy = lim
nÑ8

1
?
2π

ż 8

´8

ψ(x)
( ż n

0

e´ixξdξ
)
dx+

c

π

2
xδ, φy

= lim
nÑ8

1
?
2π

ż 8

´8

ψ(x)
1 ´ e´inx

ix
dx+

c

π

2
xδ, φy

=
1

?
2πi

ż 8

´8

ψ(x)

x
ψ(x) dx+

c

π

2
xδ, φy + i lim

nÑ8

1
?
2π

ż 8

´8

e´inxf(x)dx

=
´i

?
2π

ż 8

´8

ψ(x)

x
dx+

c

π

2
xδ, φy + i lim

nÑ8

pf(n) .

Since f P S (R), pf P S (R); thus lim
nÑ8

pf(n) = 0. Therefore, by the fact G is an even function,
we conclude that

x pH,φy = lim
ϵÑ0+

lim
RÑ8

´i
?
2π

ż

[´R,R]z(´ϵ,ϵ)

ψ(x)

x
dx+

c

π

2
xδ, φy

= lim
ϵÑ0+

lim
RÑ8

´i
?
2π

ż

[´R,R]z(´ϵ,ϵ)

ϕ(x)

x
dx+

c

π

2
xδ, φy

= lim
ϵÑ0

´i
?
2π

ż

Rz(´ϵ,ϵ)

ϕ(x)

x
dx+

c

π

2
xδ, φy = xT, φy +

c

π

2
xδ, φy ,

which shows that pH =
´i

?
2π

T +

c

π

2
δ. ˝


