Analysis MA2050-* Final Exam
National Central University, Jun. 18 2021
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Problem 1. (15%) For a function g : [0,00) — C satisfying J |9(x)|dz < o, the Fourier sine
0

transform of g, denoted by F,[g], is a function defined by

0- 2 smacos

Show that if ¢ is integrable on [0, 0) and Z4,[g] is also integrable on [0, 00), then

Fin | Feinlg]] (x) = g(x)  whenever z € (0,90) and g is continuous at z

or equivalently,

g(x) = EJOO (Joog(y) sin(y¢) dy) sin(xz€) d§ whenever z € (0,00) and g is continuous at x.

™
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Hint: Consider the odd extension of g, and make use of the Fourier inversion formula.

Problem 2. In this problem we discuss the derivative of tempered distributions. Complete the

following.

1.

(5%) Since < ,g> —< f > for all f, g € ./ (R"), we define the derivatives of tempered

distributions as follows Let T € f (R™)" be a tempered distribution. The partial derivative of

oT
T w.r.t. x;, denoted by — F , is a tempered distribution defined by
J

< ¢>——<Ta¢> Voe .7 (R").

oT . . e . .
Show that 5, 18 indeed a tempered distribution; that is, show that there exists a sequence
L

{Cr}E, such that

(<§,¢>] <Cup(d)  Voe LR and k> 1.
(10%) Show that for 1 < j < n,
o ~
ZIG)© =60 md 0 = i FLT@]E

or to be more precise,

8x]’¢> (T(©),ig0(€))y Ve (R

and
% 6(€) ) = (T(x), ~izd(x))  Voe F(R").
(5%) Let T'e .#(R"™) and f € S(R™). Show that the Leibniz rule holds; that is, show that
oT  of
o0x; (fT) f@mi * 0x;



Problem 3. (10%) Let sgn : R — R be the sign function defined by

1 ifx>0,
sgn(x) =< —1 ifzx <0,
0 ifzx=0.

Then clearly sgn is a tempered distribution since
[Gsgn, &) < |9]mim) < mp2(¢) Ve S (R).

Show that disgn( ) = 26 in (R)’, where the derivative of tempered distributions is defined in
Problem E and 0 is the Dirac delta function.

Problem 4. The Hilbert transform of a function f : R — R, denoted by #[f], is a function defined

(formally) by

GRS Y W

T e—0t

dy,

1. (5%) Show that .#[f] is well-defined if f € .7 (R).

~

2. (15%) Show that .7 [J2[f]] (&) = isgn(£) f(£) for all f € .7 (R).

3. (10%) Show that | A[f]|2m) = | flr2w) for all f e .#(R), where |g|r2r) = (fR ‘g(x)’%lx)a

Hint: In this problem you can use the conclusion (without proving again) in Problem 5 of Exercise
11. Consider the tempered distribution 7" defined in Problem 5(2) of Exercise 11 by

(T, ) = lim #lw) dm—hm J J dr  VYee S R).

e—0t R\[—¢,¢] T e—0t

1. Show that JZ[f] = (T, 7, f) for all fe . (R), where 7, is a translation operator.

2. Show that the tempered distribution S defined by (S, ¢y = (T'(z),z¢(zx)) is indeed the same

as the tempered distribution

m~L¢WMx:@¢>

Use Problem E to show that jgf(ﬁ) = \/szgsgn(f), where sgn is given in Problem B Use

the fact that Z—i = 0 if and only if there exists C' such that (T, ¢) = (C, ¢) for all ¢ € /(R) to

conclude that
ﬂ®=¢yﬁﬂﬂ+0

for some constant C. Find the constant C' and also show that JZ[f] = 1 Txf = \/ET * f
m T

3. Use the Plancherel formula.

Problem 5. (25%) Let w be a positive real number, and f : R* — R be defined by

sin(w|x|)

flo)=1

w ifr=0,

ifx+#0,



where |z| = /22 + 23 + 22 if * = (21,79, 23). Then f € ¥ (R?)" since f is bounded. Show that the
Fourier transform of f is given by

. 1 1 (™ 27
{f,0)= \/E—f pdS = \/E—J J ¢(w cos sin ¢, w sin O sin ¢, w cos ¢)w? sing ddde
2w JoB(0.w) 2wl Jo

for all p € .7(R?), where j ¢ dS is the surface integral of ¢ on the sphere 0B(0,w).
oB(0,w)
Hint: You can show part 2 through the following procedures:

Step 1: By the definition of the Fourier transform of the tempered distributions,

1
£/ 27?3

Fogy=<fey=1m | f(a)(

M= JB(0,m)

| peede) aa

and the Fubini Theorem implies that

(frop=

i [ (] e e

We focus on the inner integral first. Show that for each 3 x 3 orthonormal matrix O,

[ swesar= sin(lyl) ,—iore g,
B(0,m) B(0,m) |y

Step 2: For each £ € R?, choose a 3 x 3 orthonormal matrix O such that OT¢ = (0,0,|¢[). Using
the spherical coordinate y = (pcosfsin ¢, psinfsin ¢, p cos ¢) to show that

J f(x)efiz-ﬁ dr = Jm QSin(wp) Sin(|€|p) dp
B(0,m) 0 I3

so that we conclude that

<ﬁw>=

- lim (Jm 2sin(wp) sin([€|p)

) € ©(§) d/))dé-

m—00 R3

Step 3: For each r > 0, define

T 2T
P(r) = J pdS = J f @(r cos §sin ¢, rsin @ sin ¢, r cos ¢)r? sin ¢ dfd¢ .
0B(0,r) 0 Jo

Using the spherical coordinate & = (1 cos @ sin ¢, r sin 0 sin ¢, r cos ¢) to show that

<f )= \/%f J sin(wp) sin(rp) 21#:”

Step 4: Apply the conclusion in Problem m

dr) dp.



