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Problem 1. Let (F,+, ¨,ď) be an ordered field, and a, b P F. Show that a ď b if and only if for all
ε ą 0, a ă b+ ε.

Proof. The direction “ñ” is trivial, so we only prove the direction “ð”. Suppose the contrary that
a ą b. Let ε = a ´ b. Then ε ą 0; thus

a ă b+ (a ´ b) = a ,

a contradiction. ˝

Problem 2. Let (F,+, ¨,ď) be an ordered field, x, y P F, and n P N. Show that

1. If 0 ď x ă y, then xn ă yn.

2. If 0 ď x, y and xn ă yn, then x ă y.

Proof. 1. Let S =
␣

n P N
ˇ

ˇxn ă yn
(

. Then 1 P S by assumption. Suppose that n P S. Then
0 ď xn ă yn. By the fact that 0 ď x ă y, we find that

xn+1 = xn ¨ x ă xn ¨ y ă yn ¨ y = yn+1 ;

thus n+ 1 P S. By induction, we conclude that S = N.
2. Suppose the contrary that x ě y. Then 1 implies that xn ě yn, a contradiction. ˝


