Exercise Problem Sets 10
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Problem 1 (True or False). Determine whether the following statements are true or false. If it is

true,

1.

2.

10.

prove it. Otherwise, give a counter-example.

Every open set in a metric space is a countable union of closed sets.

Let A < R be bounded from above, then sup A e A'.

An infinite union of distinct closed sets cannot be closed.

An interior point of a subset A of a metric space (M,d) is an accumulation point of that set.
Let (M, d) be a metric space, and A < M. Then (A") = A'.

There exists a metric space in which some unbounded Cauchy sequence exists.

Every metric defined in R” is induced from some “norm” in R".

There exists a non-zero dimensional normed vector space in which some compact non-zero

dimensional linear subspace exists.

There exists a set A < (0, 1] which is compact in (0, 1] (in the sense of subspace topology), but

A is not compact in R.

Let A € R” be a non-empty set. Then a subset B of A is compact in A if and only if B is
closed and bounded in A.

Solution. 1. True. We note that the statement above is equivalent to that “every closed set in a

metric space is a countable intersection of open sets”. To see that this equivalent statement is
true, we let F' be a closed set. For each n € N, define

1

zeF
. ) 1 ) :
Then FF < U, (smce each point x € F' belongs to the ball B(x, —)) Moreover, U, is open since
n

it is the union of open sets.

o0
Claim: F = ﬂ U,.

n=1

a0
Proof of claim: Since FF < U, for all n € N, F < [ U,; thus it suffices to shows that

n=1
o] o]
F 2 () U, or equivalently, F* < [J U:. To see the inclusion, we let z € F* and use the
n=1 n=1

closedness of F' to find an ng € N such that B(z, i) c FC. This implies that d(z,y) > L for
o no

0
all y € F'; thus x ¢ U,,. Therefore, x € U,CL0 so that z € | J UL. D

n=1



10.

False. Let A be a collection of single point {a}. Then A is bounded from above and sup A = a
but A" = ¢J.

False. Consider the union of the family of closed sets {[371 —1,3n+1] ‘n € N}. We note that
for n # m the two sets [3n—1,3n+ 1] n [3m —1,3m+ 1] = J so that this family is a collection
0

of distinct set and | J[3n —1,3n + 1] is closed.

n=1

False. Every point x in a discrete metric is the only point in the set B(x, 1) so that x ¢ B(z,1)".
False. A counter-example can be found in 5 of Problem 9 in Exercise 8.
False. By Proposition 2.58 in the lecture note, every Cauchy sequence is bounded.

False. The discrete metric dy on R™ cannot be induced by a norm since every set in (R", dy)

is bounded but R" is unbounded in (R", | - |) for any norms | - || on R™.

False. Note that any non-zero dimensional linear subspace of a normed space is unbounded;
thus any non-zero dimensional linear subspace cannot be compact since a compact set must be
bounded.

False. By Theorem 3.77 in the lecture note, A is compact in (0, 1] if and only if A is compact
in R.

False. By Theorem 3.42 in the lecture note, it is true that B is compact in A then B is closed
and bounded in A; however, the reverse statement if not true. For example, if A = B = (0, 1),

then B is closed and bounded in A but B is not compact in R. O

Problem 2. Let (M, d) be a metric space, and A € M be a subset. Determine which of the following

statements are true.

1.

6.

7.

intA = A\0A.

. cl(A) = M\int(M\A).

int(cl(A)) = int(A).
cl(int(A)) = A.
d(cl(A)) = dA.
If A is open, then A € M\A.

If A is open, then A = cl(A)\0A. How about if A is not open?

Solution. 1. True. First we note that A € Aand A 0A = . Therefore,

Ac A\GA.



On the other hand, if z € A\0A, by the fact that 04 = A n AT, we find that 2 is not a limit
point of A%; thus there exists r > 0 such that B(x,r) < (A")" = A. This Remark 3.3 in the
lecture note implies that z € A so that A\0A < A.

2. True. Note that z ¢ B if and only if there exists {2,}*, < B® such that lim z, = z.

n—o0
Therefore,

veAs (I{z, )l c A (ggrolc r, =) < (I{a, ), < (M\A)) (T}EIolo Tp = 1T)
< x ¢ int(M\A) < x e M\int(M\A) .

3. False. Let A=1[0,1] nQ in (R,|-]). Then cl(A) = [0,1] and int(A) = & so that int(cl(A)) =
(0,1) # int(A).

4. False. Let A=[0,1] nQ in (R,|-]). Then int(A) = & so that cl(int(A)) = & # A.

5. False. Let A=[0,1] nQ in (R,|-]). Then A= [0,1] so that 0 A = {0,1} # 0 A.

6. True. If A is open, then every point x € A is an interior point so that = ¢ 0 A (if x € 0 A, then
there exists {z,}%_, A" such that lim z, = z so that z ¢ A).

n=1 —
n—00

7. True. By Proposition 3.13 in the lecture note, 0 A = fl\fi; thus the fact that A = A shows
that A= A U dA. Since 0A N A = &, we find that A = A\QA.

If A is not open, the statement is false. For example, consider A = [0,1] in (R, |-|). Then A is
not open and A = [0,1] and 0 A = {0, 1} so that A\0A = (0,1) # A. o

Problem 3. Use whatever methods you know to find the following limits:

1. lim (1 + sin2z)7; 2. lim (VI+ao+a2—+1-z+a?);
r—0t T——00
. ey . ™ aia—1 X .
3' ;21_1,)%(2 _ x)sec 2] 4 x].l_]_;gox(g S1n 71‘2 n 1),
z __ 1

)5, where a > 0 and a # 1.

5. lim x(e‘l — (L)x>, 6. lim ( a

T—00 rz+1



