Exercise Problem Sets 12
Dec. 11. 2021
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Problem 1. Check if the following functions on uniformly continuous.

1. f:(0,00) — R defined by f(x) = sinlogz.

2. f:(0,1) — R defined by f(x) = xsiné.
3. f:(0,00) — R defined by f(z) = /.
4. f:R — R defined by f(z) = cos(x?).

5. f:R — R defined by f(x) = cos®z.

6. f: R — R defined by f(z) = zsinzx.

Problem 2. 1. Find all positive numbers a and b such that the function f(z) = slufr b) is uniformly
x

continuous on [0, o).

2. Find all positive numbers a and b such that the function f(z,y) = |x|*|y|® is uniformly contin-

uous on R2.

Problem 3. Show that f : [0,1] x R — R defined by f(x,y) = H—\/:tiy? is uniformly continuous on
its domain.
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Proof. Let € > 0 be given. Choose N > 0 so that 11N < . Then
2

1. if (z,y) € [0, EZ] x [N, N|*, we have ‘f(:my)‘ <4V < g

. g2 1 4 €
2. if (z,y) € [Z,l] x [=N, N]*, we have |f(z,y)| < T T IO <3
4

Therefore,
9
fy)| <5 Yy x[0,1]x [N, N].

Since [0, 1] x [-2N,2N] is compact, the continuity of f implies that f is uniformly continuous on
[0,1] x [0,2N]; thus there exists d; > 0 such that

|f(z1, 1) = f(a2,90)| <& V|(z1,01) — (22, 92)] < 61 and a1, 25 € [0, 1], 41,9 € [-2N,2N] .

Define § = min{6;, N}. If (z1,41), (22,92) € [0, 1] x R and |(21, 1) — (22, y2)| < 4, then either (z1,y1),
(12, 12) belongs to [0,1] x [-2N,2N] or (z1,y1), (z2,ys) belongs to [0,1] x [-N, N|*. Therefore,

\f(z, 1) — foa, )| <& V(x1,01), (22,92) € [0,1] x R and |(1,41) — (22, 42)] < 9. 0



Problem 4. Let f : R" — R™ be continuous, and lim f(z) = b exists for some b € R™. Show that

|z[—c0
f is uniformly continuous on R".

Proof. Let ¢ > 0 be given. By the fact that lim f(z) = b, there exists M > 0 such that

|| —00
|f(x) = b|rm < g whenever |z|g. = M .

By the Heine-Borel Theorem, B[0, M + 1] is compact; thus f is uniformly continuous on B[0, M + 1]
and there exists ¢ € (0, %) such that

If(z) = fly)] < g whenever |z — y|lg» < 0 and z,y € B[O, M + 1]. (*)
Therefore, for x,y € R™ satisfying ||z — y|| < 9,
1. if 2,y € B[0, M + 1], then () implies that
[f(@) = f)|en <<
2. if v ¢ B0, M + 1] or y ¢ B[0, M + 1], then x,y € B[0, M]® which implies that

[£(2) = F@)lem < |f (@)[rm + 1f () |rm <. 0

Problem 5. Suppose that f : R” — R™ is uniformly continuous. Show that there exists a > 0 and
b > 0 such that | f(z)|gm < a|z|g~ + b.

Proof. Since f is uniformly continuous on R", there exists o > 0 such that

Hf(x) — f(y)H]Rn <1 whenever |z —y|g. <9.

etz _ ol
~

For a given x € R", let N € N such that 5 5

+ 1. For each k € N, define points xy,

by zy = kﬁx Then {xj}72, satisfies that

TRpn
||a:k—mk_1HRm:” ]LR <6 VkeN

which further implies that
| f(xr) = f@p—1)|rm <1 VkeN.

Therefore,
N
|f@)mm < 1f(x) = FO)rm + 1fO)rm < D 1f(@x) = f@x-1)lmm + |f(0)rm
k=1
1
<N+ [£O) e < 5lelen + 17 (0)fen +1;

thus a = % and b= | f(0)|gm + 1 verify the inequality || f(z)|gm < a|z|g~ + 0. o



Problem 6. Let f(z) = a(x) be a rational function define on R, where p and ¢ are two polynomials.

p(z)

Show that f is uniformly continuous on R if and only if the degree of ¢ is not more than the degree

of p plus 1.

Proof. Note that if f is defined on R, then p(z) # 0 for all x € R. By Problem B, there exist a,b > 0
such that

‘q(x)‘éa\x]jtb VexeR.

p(z)

Therefore, |g(x)| < |p(x)|(alz| + ) for all z € R, and this inequality above can be true if and only if
the degree of ¢ is not more than the degree of p plus 1. =

Problem 7. Suppose that f : R — R is a continuous periodic function; that is, there exists p > 0
such that f(z +p) = f(z) for all x € R (and f is continuous). Show that f is uniformly continuous
on R.

Proof. Let p > 0 be such that f(x+p) = f(x) for all x € R, and € > 0 be given. Since f is uniformly

continuous on [—p, p|, there exists ¢ € (0, p) such that
|f(z) — f(y)| <e whenever |z —y|<dandz,ye|[—p,pl.

Therefore, if |z—y| < 0, we must have x,y € [kp—p, kp—+p)| for some k € Z so that x—kp, y—kp € [—p, p|
which, together with the fact that |(z — kp) — (y — kp)| = | — y| < 9, implies that

[f(@) = fy)| = |f(x = kp) — fly —kp)| <e. o

Problem 8. Let (a,b) € R be an open interval, and f : (a,b) — R™ be a function. Show that the

following three statements are equivalent.
1. f is uniformly continuous on (a, b).

2. f is continuous on (a,b), and both limits lim f(x) and hr{}, f(z) exist.

z—at

3. For all € > 0, there exists N > 0 such that |f(z) — f(y)| < & whenever )W‘ > N and
z,y € (a,b), x # y.

Proof. First we note that 1 and 2 are equivalent since

1. if f is uniformly continuous on (a, b), then there is a unique continuous extension g of f on [a, b];
thus lim g(x) = g(a) and litili g(x) = g(b) exists, and 2 holds since lim g(x) = lim f(z) and
hr?, g(x) = hlil, f(z).

2. if lim f(z) and lirgf f(z) exists, we define g : [a,b] — R by g(z) = f(z) for x € (a,b) and g(a),
g(b) are respectively the limit of f at a, b. Then g is continuous on [a, b]; thus the compactness
of [a, b] shows that g is uniformly continuous on [a,b]. In particular, ¢ is uniformly continuous

on (a,b) which is the same as saying that f is uniformly continuous on (a, b).



Next we prove that 1 and 3 are equivalent.

“1 = 3” Suppose the contrary that there exists € > 0 such that for each n € N there exist z,, y, € (a,b)
such that

Tp # Yo |f(@0) = f(ya)| =€ Dbut M>n VneN.

Ln — Yn
By the Bolzano-Weierstrass Theorem/Property, there exist convergent subsequence {z,,}32,
and {yy,, }52, with limit x and y. Since z,,¥, € (a,b) for all n € N, we must have z,y € [a, b].
If x =y, then |z, — y,| — 0 as n — oo; thus the uniform continuity of f on (a,b) implies that
|f(xn) — f(yn)| — 0 as n — oo which contradicts to the fact that |f(z,) — f(yn)| = € for all
n € N. Therefore, x # y which further shows that the limit

‘f(wn) — f(yn)

xn_yn

exists since the limit {f(z,)}°; and {f(yn)}r_, both exist and lim (z, —y,) = 2 —y # 0.

n) = f(yn)

This is a contradiction to that ‘f(:cx > n for all n € N.

n — Yn
“3 = 1”7 Suppose the contrary that there exists ¢ > 0 such that for each n € N there exists
1
T, Yn € (a,b) satistying |z, — yn| < - but |f(x,) — f(yn)| = e. For this € > 0, by assumption
there exists N > 0 such that

f(z) — fy)

|f(z) — f(y)| <e whenever ‘ p—

’>Nandx,ye(a,b),x7&y.

Since |f(zn) — f(yn)| = €, we must have x,, # y,; thus the fact that x,,y, € (a,b) implies that

‘f(xn) — J(yn)
Tn = Yn

<N VneN.

This contradicts to the fact that |z, — y,| < 1 and |f(zn) — fyn)| > €. a
n

Problem 9. Suppose that f : [a,b] — R is Holder continuous with exponent «; that is, there
exist M > 0 and « € (0, 1] such that

[f(@) = fy)l < Mz —y|*  Va,yelab].

Show that f is uniformly continuous on [a,b]. Show that f : [0,00) — R defined by f(x) = /x is

Holder continuous with exponent %
Proof. Let & > 0 be given. Define § = M~wea. Then § > 0. Moreover, if [z —y| < § and z,y € [a, b)],
£(2) = Fl)] < Ml —y|* < Mo* = =

Therefore, f is uniformly continuous on [a, b].



1
Next we show that f(z) = 4/« is Hélder continuous with exponent 3 Note that if z,y > 0 and
T # Y,

Ve — il W VillVE+ VIl eyl VEtyY

|z —y|2 = y|2|/T + Yl CENTRREN

thus
Wz — Yl < |z —y|? Vez,y=>0and x # y.

1
which implies that f(x) = 4/z is Holder continuous with exponent 5 on 0, 0). D

Problem 10. A function f : A x B — R™, where A € R and B < RP, is said to be separately
continuous if for each g € A, the map ¢g(y) = f(xo,y) is continuous and for yg € B, h(x) = f(z,yo)

is continuous. f is said to be continuous on A uniformly with respect to B if

Ve>0,36>053|f(z,y) — f(zo,y) whenever |z — zg]s < 0 and y € B.

o <¢

Show that if f is separately continuous and is continuous on A uniformly with respect to B, then f

is continuous on A x B.

Proof. Let € > 0, and (a,b) € A x B be given. By assumption there exists d; > 0 such that

whenever |z —aly < andze A,ye B.

Hf(x7y) - f(a7y>H2 < g

Since f is separately continuous, there exists 9, > 0 such that

Hf(a’y) - f(a7 b)”2 <

g whenever |y —b|2 < dp and y € B.

Define 6 = min{dy, d2}. Then if |(x,y) — (a,b)|2 < J§, we must have |z — als < §; and |y — bl]2 < 09
so that

If(z,y) = f(a,b)|2 = | f(z,y) — fla,y) + fla,y) — f(a,b)]2
< | f(z,y) = fla,y)lla + | f(a,y) — fla,b)]2 <€

which shows that f is continuous at (a,b). o

Problem 11. Let (M, d) be a metric space, A € M, and f,g: A — R be uniformly continuous on

A. Show that if f and g are bounded, then fg¢ is uniformly continuous on A. Does the conclusion
still hold if f or ¢ is not bounded?

Proof. Let {x,}_,, {yn}, be sequences in A satisfying that lim d(z,,y,) = 0. Suppose that
n—aoo
|f(z)] < M and |g(z)| < M for all z € A. Then

1f(@0)g(xn) = FWn)g(un)| = | f(@n)9(@n) = f(@0)g(Wn) + F(@0)9(n) — f(n)g(yn)]
<|f(xn ||g Tn —g(yn)\ + gl f(2n) = fyn)]
< M (| f(zn) = Flyn)| + |9(@n) — 9(yn)]) ;



thus the uniform continuity of f and g, together with the Sandich Lemma, implies that

lim | f(2,)g(xn) — f(yn)g(yn)| = 0.

n—0o0

Therefore, fg is uniformly continuous on A.
When the boundedness is removed from the condition, the product of f and g might not be
uniformly continuous. For example, f(z) = g(z) = x are continuous on R, but (fg)(z) = 2% is no

uniformly continuous on R (from an example in class). a



