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Problem 1. Let {T}.}, < Z(R™,R™) be a sequence of bounded linear maps from R” — R™. Prove

that the following three statements are equivalent:
1. there exists a function 7" : R — R™ such that {Tx}}” ; converges to Tz for all € R™;

2. kl@lm HTk — DH@ R" R™) = O

3. there exists a function 7" : R® — R™ such that for every compact K < R" and € > 0 there
exists N > 0 such that

|Tyx — Tx|gm <e whenever ze K and k> N.

Proof. “1 = 3” Let K be a compact set in R", and € > 0 be given. Then there exists R > 0 such
that K < B[0, R]. By assumption, for each 1 < i < n, there exist N; > 0 such that

€
i —1e oo W i
|Tre; — Tellgm < henever k> N,
Rn

For ¢ € R", write z = Ve, + ey + -+ + 2(We,. Then if z€ K, [¢| < Rforall 1 <i < n.
Therefore, if x € K and k > N = max{Ny, -, N,},

[Thx — Tx||gm = HT;~C ( Z x(i)ei> - T(Z x(i)ei>

n

< 2 [o®||Tke: — Teifr < Z RRn

‘Rm - H z; 2 (Tie; — Te;)

Rm

“3 = 2" Let K = B|0, 1] (which is compact), and € > 0 be given. By assumption there exists N > 0
such that
[Thx — Tx|gm < g whenever xe€ B[0,1] and k> N.

If £k, > N and z € B0, 1],

2e
|Thx — Tyz|gm < |Trx — Tx|gm + |Tix — Tx|gm < 0
which shows that
2¢e
HTk — ﬂ”gg(Ran) = Ssup HTkiﬂ — Tg&?”ﬂyn < —<e¢ Vk,g >N
2eB[0,1] 3

Therefore, lim |7} — Ty s@n gm) = 0.
k,0—o0

“2 = 17 This part is essentially identical to the proof of Proposition 5.8 in the lecture note (with
X =R"and Y =R™). o



Problem 2. Recall that M,, .., is the collection of all m x n real matrices. For a given A € M,,xn,
define a function f : M, «,, — R by
F(M) = tr(AM)

where tr is the trace operator which maps a square matrix to the sum of its diagonal entries. Show
that f € Z(Myxm, R).

Hint: You may need the conclusion in Example 4.29 in the lecture note.

Proof. Let A = [aij]1<icmi<j<n and M = [mjk]i<j<ni<k<m. Then
m n
S
i=1j=1

First we show that f € X(MnXm,R) Let M = [mjk]1<]<n 1<k<m and N = [njk]lgjgn,lgkgm be

Ny 1xhx

matrices in M,,«,, and ¢ € R. Then

f(eM + N) = tr(A(cM + N)) i Zn: aij(cmj; + nji) ci an a;jmj; + i Zn: a;jn;ji
i=1j=1 i=1j=1 i=1j=1

= ctr(AM) + tr(AN) = ¢f (M) + f(N).

Let | | : Mpxm — R be defined by

n m
H[mjk]léjén,lékémH = Z Z |mjk| ]

j=1k=1
Then || - | is a norm on M,,x,, and
m n m n
sup |f(M)] = sup ‘Zzaijmji <22|%‘|<00;
[M]=1 D=1 2R Imykl=1" = =1 i=1j=1
thus f: (Myusm, | - ) = (R,|-]) is bounded. Let || - || be another norm on M, y,,. Since M, ., is

finite dimensional vector spaces over R, there exists ¢ and C' such that
M| < [[M]| < C[M| VM e Muym.

Therefore, {M € My | [IM[] < 1} € {M & My || M] < o
C

sup [F(M)| < sup [f(M)| = sup ~[f(cM) |aij| < o0
lIMl=1 IM|<1/e leM|<1 € ;]211 ’
thus f - (Mpxm, [| - [[[) = R is bounded. o

Problem 3. Let &(]0,1)) be the collection of all polynomials defined on [0, 1], and | - |, be the

max-norm defined by |p|, = m[ax] Ip(x)].
0.1

1. Show that the differential operator % - 2([0,1]) — ([0, 1)) is linear.



2. Show that di (2(00,1]), ] - ) = (2([0,1]), ] - |») is unbounded; that is, show that

i

sup [|p|le = 0.
[pllo=1

Proof. 1. Let p,q € £(]0,1]) and ¢ € R. Then by the rule of differentiation,
d

%(Cp + Q>(x) = Cp,(l’) + q'(x) = C%p(m) + %q(x) ;

thus di : 2(]0,1]) - £([0,1]) is linear.

X

2. Consider p,(z) = 2". Then ||p,)s = m[ax} ™ =1 for all n € N; however,
z€(0,1

Ip) | = max nz" ' =n neN;
z€[0,1]

thus sup |[|p’[ = . o
Iplloo=1

Problem 4. Let (X, |- |x) and (Y, | - |y) be normed spaces, and T € Z(X,Y). Show that for all
xe X and r > 0,

sup [T’y = r|T|sxy) -
z'eB(z,r)

Hint: Prove and make use of the inequality max {|T(z+ &)y, |[T(z — &)|y} = [T¢|ly for all €€ Y.
Proof. Let x € X and r > 0 be given. Then for all £ € B(0,r),

max {|T(z + &)y, |T(z - &)|v}
1 1

> S |IT@+&ly + 7@ = &)ly| > SIT(@+€) ~T(@—&)ly = 7€y
Therefore,

sup max {|T(z+ &)y, |T(z—&)|v} > sup |T¢ly =r|T|zxy),

&eB(0,r) &eB(0,r)
and the desired inequality follows from the fact that
sup  |T2'|y = sup max{|T(z+ &)y, |T(z— &)y} .
z'eB(z,r) &eB(0,r)

Problem 5. Let (X, | - |x) be a Banach space, (Y, || - |ly) be a normed space, and .# < #(X,Y) be

a family of bounded linear maps from X to Y. Show that if sup |Tz|y < oo for all x € X, then
TeF

sup || zx,y) < ©.
TeF

Hint: Suppose the contrary that there exists {T,,};_, < & such that |T,|zx,y) = 4". Using

Problem @ to choose a sequence {x,}*_,, where xy = 0, such that
2
x, € B(x,-1,37") and T,y = 3 37T zx.yy -

Show that {x,}’2; converges to some point € X but {7, 2}’ is not bounded in Y.
Remark: The conclusion above is called the Uniform Boundedness Principle (or the Banach-

Steinhaus Theorem). This is one of the fundamental results in functional analysis.



Proof. Suppose the contrary that sup ||T]|4(x,y) = 0. Then there exists {7},},~, < .% such that
TeF

ITo| 2(xy) = 4" VneN.
Let Ty = 0 Deﬁne Tn = 3in and {mn}%ozl C X SO that
2
x, € B(x,_1,7n) and Tz, |y = §7"nHTnH:@(X’Y) ,

We note that such {x,}r_; exists because of Problem Q For m > n,

|Zn — | x < [T0 — Tosi|x + [Tags — Zpga[x + - F [T — 2| x

< g7 gm0 g < g (1 4 % ro) < % 3
thus {z,}>_, is a Cauchy sequence. Since (X, | - |x) is complete, {x,}> ; converges to some point
xe X, and ||z — x,|x < % - 37". Therefore,

2
Han”Y = HTnmnHY - ”Tn(m - mn)”Y = grn”TnH@(Xﬁ/) - HTn”%(Xy)Hm - mnHX
2 1 1 1 /4\n
Z - — = Tno' 3in:—Tn‘a 3in>—'<—>

(5 ) Talaexn3™ = S Tullaxn3™ = 5 - (5

so that sup |T, x|y = o, a contradiction. D

neN



