Exercise Problem Sets 14
Dec. 24. 2021

Problem 1. Investigate the differentiability of

Ty
fla,y) = Va2t

0 if (x,y) = (0,0).

if (z,y) # (0,0),

Solution. First we note that

£,(0,0) = }lbli% f(h,0) ; £(0,0) —0 and f,(0,0) = ;lcl_r,% f(0, k) ; £(0,0)

For (z,y) # (0,0),

=0.

‘f(x,y)—f(0,0)—fx(0,0)m—fy(0,0)y’ _ ry
N T 22 + y?
whose limit, as (x,y) — (0,0), does not exist. Therefore, f is not differentiable at (0, 0).
On the other hand, for (z,y) # (0,0),

2

o z%y
y ZE2 + y2 —
folz,y) = R
z\) 332+y2 (x2+y2)g
3
and similarly, f,(z,y) = S — Clearly f, and f, are continuous on R*\{(0,0)}; thus f is
! (a2 +y2)2 !
differentiable on R*\{(0,0)}. o

Problem 2. Investigate the differentiability of

Ty .
Flry) = Py ifx+9y%#0,
’ 0 ifzty?=0.

Solution. For x + y? # 0,

ye+y)—ay 9P r(x+y?) — 2zy* 2 —xy?

G g MM T T T e

fx(xvy) -

Clearly f, and f, are continuous on R2\{(:r,y)|x +9? = O}; thus f is differentiable at point (z,y)
satisfying = + y* # 0 (by Theorem 5.40 in the lecture note).
Now we consider the differentiability of f at (a,b) when a + b? = 0. First we note that

o fla+hb) = fla,d) . (a+h)b 0  (a,b)=(0,0),
fa(a,b) = Jin i {D.N.E. (a,b) # (0,0) ;

h=0 h  h50h(a+h+b2)

thus f is not differentiable at (a,b) if a +b? = 0 and (a,b) # (0,0) (because of Theorem 5.27 in the

lecture note).



Finally we justify the differentiability of f at (0,0). Note that

For x = y? with y # 0, we have
’f(xvy) B f(0,0) B fm(oao)x T fy(()ao)y‘ _ ‘y3| _ 1
Va2 +y? 20%/yt + 1y 24/yP + 1

whose limit, as y — 0, cannot be zero; thus

|f($7y) - f(0,0) - fx(0,0)x - fy(0,0)y|

lim #0.
(2,5)=(0,0) N
Therefore, f is not differentiable at (0, 0). a

Problem 3. Define f : R?> — R by

(2% + y?) sin L
fla,y) = Vatty?

0 if (z,y) = (0,0).
Discuss the differentiability of f. Find (Vf)(x,y) at points of differentiability.

if (x,y) # (0,0),

Solution. If (z,y) # (0,0), then

1 1 —X
folz,y) = 2x8in ———= + x2+y2 COoS .
( ) 22 + 32 ( ) /$2+y2 (m2—|—y2)%
1 1 1
= 2z sin — CcoS
/1132 +y2 /1'2 +y2 /332 _|_y2

and similarly,
1 1

fy(z,y) = 2ysin \/x21+ " — \/xQ ) cos Nl
Clearly f, and f, are continuous on R*\{(0,0)}; thus f is differentiable at point (z,y) # (0,0) (by
Theorem 5.40 in the lecture note).
Now we justify the differentiability of f at (0,0). First we compute f,(0,0) and f,(0,0) and find
that

f(h> 0) B f(070)

= lim hsini 0

f2(0,0) = lim, h oo O R T
e £(0,k) — £(0,0)
fy(0,0)zllcli% k :’lglil(l)kSIIlm*O,

where the limits above are obtained by the Sandwich Lemma. For (x,y) # (0,0), we have

=A/x? +y?sin ———— < /a2 +y?;
/x2+y2 Yy /$2+y2 Yy
thus the Sandwich Lemma implies that

lim
(z,9)—(0,0) V2 +y?

Therefore, f is also differentiable at (0,0); thus f is differentiable on R2. =



Problem 4. Let X = M, «m, the collection of all n x m real matrices, equipped with the Frobenius
norm | - | introduced in Problem 5 of Exercise 6, and f : X — R be defined by f(A) = |A|%. Show
that f is differentiable on X and find (Df)(A) for Ae X.

Proof. First we note that f(A) = tr(AA"), where tr(M) denotes the trace of M is M is a square
matrix. Let A = [a;;] € X. Then for A € X, we have
f(A+0A) — f(A) =tr[(A+0A)(A+6A)T] — tr(AAT)
= tr(AA" + AGAT 4+ 0AAT + §AGAT) — tr(AAT)
= tr(ASAT) + tr(SAAT) + tr(§ASAT).

Define Ly : X — R by L(B) = tr(AB") + tr(BAT). Then Problem 2 of Exercise 13 shows that
L e B(X,R). Therefore, by the fact that

- [f(A+64) — f(A) — La(6A)| _ - [tr(0AGAT)| AR 6A]p =0
5AS0 |0A]F sA—0  |0A|F 5A—0 [0A|p  84—0 E ’
we conclude that f is differentiable at A and (D f)(A) = La. D

Problem 5. Let | - | denote the Frobenius norm of matrices given in Problem 5 of Exercise 6. For

an m x n matrix A = [a;;], we look for an m x k matrix C' = [¢;;] and an k x n matrix R = [r;],

where 1 < k < min{m,n}, such that ||[A — CR||% is minimized. This is to minimize the function

F(C,R) = |A—~CR|% = tr((A~ CR)(A— CR)") = 3. > (ayy — Y. cueryy)*

i=1j=1
Show that if C'e R™* and R € R¥*" minimize f, then C, R satisfy

(A-CR)R"=0 and C"(A—-CR)=0.
Proof. Since
f(C.R) = tr((A— CR)(AT — RTC"))
tr(AAT) — tr(CRAT) — tr(ARTCT) 4 tr(CRR™C")
tr(AAT) — 2tr(ARTCT) + tr(CRRTCT),

we find that
(Df)(C, R)(6C,0R) = —2tr(ART (6C)") + tr((§C)RRTC™) 4 tr(CRR™ (6C)1)
— 2tr(A(SR)TC™) + tr(C(SR)RTCT) + tr(CR(SR)"C™)
= 2tr(ART(6C)") + 2tr(CRR (6C)T)
—2tr(A(6R)TCT) + 2tr(CR(SR)TCT)
= —2tr((A — CR)R™(6C)") — 2tr((A — CR)(6R)*CT)

Heo)"
— —2tr((A — CR)R"(5C)") — 2tx(C"(A — CR)(5R)"),

where we have used that tr(PQ) = tr(QP) to obtain the last equality. By the fact that tr(PQ) =0
for all @) if and only if P = 0, we conclude that if C', R minimize f, then it holds the desired identity.

[m]



Alternative proof. If f attains its minimum at C' = [¢;;] and R = [r;;], then

k

0 n o m k
8Cf (07 R) = 22 Z [(azj — Z Cz’érfj) Z 5ip(55q7"sji| - 0,
Pa

= {= s=1

;Tf(C’, R) = 22 Z [(aij — ) curej) Z dsp0; Czs} =0,
pq i=17 s=1

—
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where ¢.. is the Kronecker delta. Therefore, for all p, g,

k k

m n
Z (am Z prﬂJ Tqj = Z (azq Z zﬂrﬁq Cip =
Jj=1

/=1 i=1 (=1

which implies desired identity. =

Problem 6. Let X = Z(R",R") equipped with norm || - |, and f : GL(n) — Z(R",R") be defined
by f(L) = L2 = L~ 'o L™, Show that f is differentiable on GL(n) and find (D f)(L) for L € GL(n).

Proof. Let L € GL(n). By the fact that

K'-L'=-KYK-LL'and K?*-L?=-K?*K-LL"'"-K*YK-L)L?

we have
K?-L?=-[L?-K*K-LL"'"-K'(K-LL7?(K-L)L"
— L' - K YK -L)L'|(K-L)L™>
=-L*K-LL'"-LYK-LL?+K?*K-LLYK-LL"'
+K ' (K-LL*K-L)L'+K ' (K-LL"K-L)L?
thus

|IK~2— L2+ L™%(K — L)L™' + L™Y(K — L)L
[ E=2ILH2 + 20K L L2 K = L2
This motivates us to define (Df)(L) € B(X, X) by
(DfY(L)(H)=~-L*HL' - L 'HL™? VHeX, (o)

and (x) implies that

|f(K) = (L) = (DHL)(E = L)]

li =0.
= K1
Therefore, f is differentiable on GL(n), and (D f)(L) is given by (o). D

Problem 7. Let X = %(]—, 1,1];R) and || - | x be defined by || f||x = H[la1X1] |f(2) Y- lly) =
xe[—1,

(R,|-|). Consider the map ¢ : X — R be defined by 6(f) = f(0). Show that ¢ is differentiable on X.
Find (Dd)(f) (for f e €(|—1,1];R)).



Proof. Let f € X be given. For h € X, we have
0(f +h) = df = ((0) + h(0)) — f(0) = h(0) = oh;
thus we expect that (DJ)(f)(h) = dh. We first show that § € B(X,R).
1. For linearity, for hy, hs € X and ¢ € R, we have

5(Ch1 + ]’LQ) = (Chl + ]’LQ) (O) = Chl (0) + hQ(O) = 05h1 -+ (5]12 .

2. For boundedness, if |h|x = 1, then n[lax} |h(z)] =1 so that
ze|—1,1

0h] = |h(0)| < max |h(z)|=1< .

ze[—1,1]

Having established that § € Z(X,R), we note that

_|6(F+n)—of—6n 0
lim =lim —— =0;
h—0 I7]x h=0 [ x
thus ¢ is differentiable at f (for all f € X)), and (DJ)(f) =6 for all f e X. D

Problem 8. Let X = €([a,b];R) and | - |» be the norm induced by the inner product {f,g) =
b
J f(z)g(z)dx. Define I : X — X by

1@ = | fera veelad),
Show that [ is differentiable on X, and find (DI)(f).

Proof. Let f € X be given. For he X,

17+ 1)@ - 1)@ = [ GO +h0) d= [ g2 = [ Rron+he?] ds ()

thus we expect that .
(DD)I) =2 [ fom) dr (00)

T

Define L by (Lh)(z) = 2 f F(OA(E) dt.
Claim: Le B(X,X).

1. For linearity, let hqy, ho € X and c € R. Then

T

L(chy + hy)(z) = QF F(@)(chi(t) + ho(t)) dt = 2¢ r F(t)hy(t) dt + 2f F(t)ho(t) dt

a a

which shows that L(chy + he) = c¢L(hy) + L(h2).



2. Note that by the Cauchy-Schwarz inequality,

b
O < | @0 de < |Flelbles

thus for |hfs =1,

it = [ [ ([ ronear) @)’ < ([ rgmga)’ < vo-as,

Therefore,

|L] = sup [L(h)]2 < Vb —alfz <o

Irll2=1

which shows that L is bounded.

Finally, using (**) we obtain that

[ I(f+h)—=I(f)—L(h)|,= [Lb (fh(tydt)der < ”b <th(t)2dt>2dx}5

a a

b 1
= [ [ 1nigde]” = vE=aln:

thus
G ) = 1) = (DO, _
h—0 7] '
Therefore, [ is differentiable at f for all f € X and (DI)(f) is given by (¢0). D

Problem 9. Let 7 > 0 and o > 1. Suppose that f : B(0,7) — R satisfies |f(z)| < |z|* for all
x € B(0,7). Show that f is differentiable at 0. What happens if a = 17

Problem 10. Suppose that f,g : R — R™ are differentiable at a and there is a 6 > 0 such that
g(x) #0forall 0 < |z —a| <d. If f(a) =g(a) =0 and (Dg)(a) # 0, show that

[f @) _ D) (a)]
lim = )
a=a||g(z)|  [(Dg)(a)]
Problem 11. Let U < R" be open, and f : U — R. Suppose that the partial derivatives
of of

Fp )5, are bounded on U; that is, there exists a real number M > 0 such that
1 n

af(ﬂﬂ)‘éM VeeUand j=1,---,n

ox;
Show that f is continuous on U.

Hint: Mimic the proof of Theorem 5.40 in the lecture note.

Proof. Assume that ‘;f(
;

exists r > 0 such that B(a,r) < U. For « € B(a,r), let k = x — a. Then

x)’ < Mforallz e U and1 <i¢ <n. Let a € U be given. Then there

‘f(l.)_f(a)‘ = |f(a1+k17a2+k27"' 7an+kn)_f(a'17a27"' 7an)\

= ‘Z [f(a'17"' 7aj—17aj+kja"' 7an+kn)_f(a17”' aajvaj+1+kj+17"' aan—{_kn)]‘

J:
<Z‘f(a17“' 7aj71>aj+kj7"' 7an+kn)_f(a17"' 7aj7aj+1+kj+17"' 7an+kn) .




By the Mean Value Theorem, for each 1 < j < n there exists 6, € (0,1) such that
|f(a17"' aj_1,a; + ki, an + k) = flay, a5, 0500+ ki, an 4 k)

_df

= (a0, a5+ 0k, i+ Ko an o+ o)k
J

thus
‘f(al,-'- L1, a5+ ki, k) — flag, - S, Qg+ K, ,an+kn)| < M|k]\

Therefore, if z € B(a,r),

@) = f@)] = Y Mkl < Myn( Y k) = vadla = al

This shows that f is continuous at a. O

Problem 12. Let U < R" be open, and f : U — R. Show that f is differentiable at a € U if and

only if there exists a vector-valued function € : U — R" such that
o Of
)= 2y O~ ) =) (@ =

and £(z) — 0 as x — a.

Proof. “=" Suppose that f is differentiable at a. Define ¢ : U — R" by

@) = @) = 3 S @ — 0] Tt i,

ifr=a.

e(zr) =

O <

Then for x # a,
7@ = fa) = 3 @) - )

0x;
7=1 J
(@)l < e —d]

which, by the differentiability of f at a, implies that

hm|5 ‘:O.

r—a

Moreover,

1 Of
(@) (e =) = &)~ 1) = 3} T @y — ),
<" Suppose that there exists a vector-valued function ¢ : U — R" such that

fo ~a;)=e(@) (—a)



and £(z) — 0 as x — a. Then for x # a, the Cauchy-Schwarz inequality implies that

f@) = fla) = 3 2L (a)(w; — ay)

j=1 0% _le(@) - (x—a)| _ _
ol P
thus
£ - fl@) - 3 @)~ a)
lim = =0.
a—a |z —al
Therefore, f is differentiable at a with [(Df)(a)] = [;‘f(a), I ;f(a)] D
1 Tn

Problem 13. Let

3

f(ﬂj,y) = ety
0 if (x,y) = (0,0).

if (x,y) # (0,0),

and u € R? be a unit vector. Show that the directional derivative of f at the origin exists in all

direction, and

(0.H0.0) = (F0.0. 2 0.0) u.

Is f differentiable at (0,0)?

Solution. Let u = (cosf,sinf) be a unit vector. Then the directional derivative of f at (0,0) in

direction w is

. f(tcos,tsin@) — f(0,0) t* cos? O sin 0
Duf)(0,0) = 1 |
(Duf)(0,0) o0t t ot t(ttcost O + 12 sin? 0)

tcos® O sin 6

g lm g
t—0+ t2 cost O + sin? 0

On the other hand,

f(h70>_f<070> f(07k>_f(070)

thus we conclude that (D, f)(0,0) = (f(0,0), f,(0,0)) - w.
Since f,(0,0) = £,(0,0) = 0, if f is differentiable at (0,0), we must have
lim = lim =0;
(2,y)—(0,0) NI (@9)=(0,0) /22 4+ y?(2* + y?)

however, by passing to the limit as (z,y) — (0,0) along the curve y = 2%, we find that

3 2
- 1
0 = lim |2 2] —

1
lim —— = —,
250 /72 + Azt 4 zt) o0 2 1+ 22 2

a contradiction. Therefore, f is not differentiable at (0, 0). a




