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Problem 1. A family of functions {gpn e ¢ (T ’ neN } is called an approximation of the identity if
(1) en(z) = 0;

(2) J ¢on(x)dr =1 for every n € N;
T

(3) lim on(z)dx = 0 for every § > 0, here we identify T with the interval [—m, 7].

=% Js<|o|<n

Show that if {p,}? ; is an approximation of the identity and f € €(T), then {p, * f}*°; converges

uniformly to f as n — oo.

Remark: By the definition above, we find that the Fejér kernel {F,,}*_, is an approximation of the
identity:.

Proof. W.L.O.G., we may assume that f % 0. By the definition of the convolution,
|(on * f)(x \—anx— y)f(y) dy — f(x)
— [ enle =) (7() - @)y,
T

where we use (2) of the definition above to obtain the last equality. Now given ¢ > 0. Since f € €(T),
there exists § > 0 such that |f(z) — f(y)| < g whenever |x — y| < §. Therefore,

[(pn* f)(2) = f(2)]
<J| | 6% v = y)|f(x) (y)!dy+L<| ) en(z — )| f(z) = fy)|dy

€
—f@n(x—y)dy+2m%X|f| on(z)dz.

<
2 Jr s<|zl<r
By (3) of the definition above, there exists N > 0 such that if n > N,

€
w(2)de < ——.
L<z|<ngp =) 4 maxr | f|

(¢n* f)(x) — f(z)| <eforall zeT. o

Therefore, for n > N,

Problem 2. In this problem we show that the collection of trigonometric polynomials &2(T) (defined

in Corollary 7.85 in the lecture note) is dense in € (T) in another way. Complete the following.

1. Let ¢, (2) = ¢, (1 + cosx)™, where ¢, is chosen so that J ¢on(x) dr = 1. Show that
T

21 (nl)?
T (2n)!"

Cp —



2. Show that for each 0 < 0 < 7,

lim On(r)dr = 0.
=0 Js<la|<n

0

In other words, {¢,}, is an approximation of the identity. Therefore, Problem m shows that

{on * f1_, converges uniformly to f as n — oo if f e €(T).
3. Show that Z(T) is dense in €(T).

Proof. 1. Let v,(x) = ¢, (1 + cos )", where ¢, is chosen so that J ¢n(x)dr = 1. First we note that
T
by Wallis’s formula,

us us

s T 1 n
J (14 cosx)"dx = Q”J (#) dx = Q”J cos™" g dx = 2"t J cos™" g dz
- - - 0

_ 7w(2n)!
- 2n-l(pl)2]

Therefore,

which implies that

2. Now {@,}2, is clearly non-negative and satisfies (2) of the definition of an approximation of

identity (given in Problem m) for all n € N. Let § > 0 be given.

f on(x) dr < f cn(14 cosd)dr < 22”(
i<zl O|z|<m

1+ cosd\ ™ (n!)?
2 ) (2n)!

!
By Stirling’s formula lim i =1

n—00 4/ 2mnnne"

’

( 1 + cos 5)n ( 27mn”e‘”)2
2 27(2n)(2n)%re—2n

1 o\
= lim \/7m< +cos ) =0;

n—0o0 2

lim supf on(x) dz < lim 2°"
o<|z|<m

n—00 n—on

thus

lim on(x)de =0.

=0 Js<la|<n
So {p,}2, is an approximation of the identity. By the result in Problem m, {op* f}72, converges
uniformly to f if f e €(T).

3. It suffices to show that ¢, » f is a trigonometric polynomial for each n € N. Nevertheless,

Y

(pn* f)(x) = Lcn[l + cos(x — y)]nf(y) dy = an (14 cosxcosy + sinxsiny)" f(y) dy

—T

Q |
= Cnf Z F(n ﬁk — 7 cos® & cos® y sin

T Ok A<n,k+I<n

L

zsin® yf(y) dy

= Z Ak cos® z sin’ z ,

o<k l<n,k+L<n



where -
Appe =y J cos” ysin® y f(y) dy .

k

The final conclusion follows because the function y = cos® x sin x belongs to & .+(T).



