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Problem 1. This problem contributes to another proof of showing that the Fourier series of f

1
converges uniformly to f on R if f € €%*(T) for 5 < a < 1. Complete the following.

1. Let f: R — R be 2m-periodic such that f is Riemann integrable on [—m, 7|. Show that

~ 1 (™

fr = —5- 77rf(x + %)e_i’” dx
and hence R v
fr= el I [f(z) = f(z+ %)}e’““”dx.
Therefore, if f € €%%(T), the Fourier coefficients fi satisfies |fk| < W

2. Let f: R — R be 2m-periodic such that f is Riemann integrable on [—7, 7]. Show that

s

‘f(a:%—h)—f(x—h)ﬁdxz Z 4sin2(kzh)|fk|2.
- k=—o0

27

Therefore, if f € €%*(T), the Fourier coefficients f, satisfies

oe]

N sin? (kR fel? < | F1Zo0.0(m 22@ 0 |R)> (0.1)

k=—00
3. Let f e €% (T), and p € N. Show that

22 ||f”$go,a(qr)772a
D0 A< ST —

2P =1< k| <2P

Hint: Let h = % in (@)

0 ~
4. Show that if f € €%%(T) for some % <a<1,then > |fx| < o0; thus Problem 8 of Exercise

k=—0
7 implies that the Fourier series of f converges uniformly to f on R.

Proof. 1. By substitution of variables,

—

Cy=gp+-T7 ] k . .
f( ) —zkydy Y :+k _J f(x_'_z e—zkxe—wrdl,

1
27 = k)
k

or J_

fi =

so that the periodicity of f and the function y = e~ implies that
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e d .
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Suppose that f e €%*(T) for some a € (0,1]. Then

|f(z) = f(y)] < y|® Vrz,yeR.

Therefore,
(6%
T

™
[f@+ 5 = F@] < [ fleoemz

and we then conclude that

1 (7 | flgoemm® (™ T flgoe
‘fk‘<Ef_ﬂ‘f(:v)—f(:v—ir;:)‘dxéka)ﬁﬁdx:Tm

. For h # 0, let g(x) = f(x + h) — f(x — h). Then by substitution of variables,
~ 1 " —iky . " o —iky

5ol fwemet = | s neay)

1 w+h ) ) w—h ) ]
_ [f f(x)eflkmelkh dr — f f<x>€fzkx€71kh dl’]

2r L) _in —n—h

so that the periodicity of f and the function y = e~** implies that

~ 1 T » ) w—h ik
Ok = %[J f(x)e ekl gy —f f(z)e kee=ikh dm]

—m—h
= if flz)e ™ (e — e dy QZ%W f( e R dy = 2i silq(kh)]/f;C :
™J_n e

Therefore, the Parseval identity shows that

1 s

o | ‘f(a:—l—h)—f(:v—h)‘zdx: Z ‘§k|2: Z 4sin2(kh)|fk|2.

k=— k=—

If in addition f € €%(T), then the identity above implies that

Z 4sin®(kh) ‘fk‘ < —W HfH%Oa(T)hza dx = Hnggo,a(wr)(Qh)Qa

k=—0o0

which verifies (@)

: T .
. For each p € N, letting h = i1 0 (@) we find that

2 2 200
Z sin? hm ‘fk‘ 17112 o 22a py T _ ||f|\<go,a(T)7r
op-1< k| <2p 2p+1 3 22(p+1)ax 92(pa+1)
RS <
1
Since for 2P~ < |k| < 27, sin? o1 > 3 the inequality above implies that

v o™
Z ‘f’fl = 92pat+1

2r—1g|k|<2P



4. Suppose that f e €%*(T) for some « € (0.5,1]. For each p € N, by the Cauchy inequality and
the result in part 3 we obtain that

S OEs( T (Y R =

20—l |k|<2p 2r—1g|k|<2p 2P |k|<2p

Therefore, by the fact that Z

. 1
< o (since a > =), we conclude that
p=1 2 ( ) 2

o]

RS S SR A AR L S

k=—00 p=12r-1<k|<2p p=1

thus Problem 8 of Exercise 7 implies that the Fourier series of f converges uniformly to f on
R if f € €%%(T) for some « € (0.5, 1]. D

Problem 2. Let f : [0, L] — R be a square integrable function.

Q0 k 0
1. Suppose that %U + > ¢ cos % is the cosine series of f. Find Y] ¢? in terms of integrals of f
k=1 k=1

and f2.
& krax . . . 1D 5. . 9
2. Suppose that kz Sk COS —— I8 the sine series of f. Find kZ sy in terms of integral of f2.
—1 =1

Proof. 1. Let f be the even extension of f; that is, f : (=L,L) — R is given by f(z) = f(x) if
ze[0,L) and f(z) = f(—x) if 2 € (—L,0). Then the cosine series of f is the Fourier series of

f so that
k
the cosine series of f = s(f,z) + Z Cp COS ﬂ
where . .
1 - k k
=7 Lf(x)cos%xdx— fo f(a:)cos%xdm.

L
Define g : (—m,7) — R by g(z) = f(—x) Then the Fourier coefficients of g is the same as the
_ s
Fourier coefficients of f. By the Parseval identity,

2
“ 4

1 & 4 L
s dx——f Fapde =1 [y dr:

thus

20222[%LLf(93)2dx J flx x——(ZJO f(x)d:v)Q.

2. Let f be the odd extension of f; that is, f : (=L, L) — R is given by f(z) = f(x) if 2 € [0, L)
and f(r) = —f(—x) if z € (—L,0). Then the sine series of f is the Fourier series of f so that
e¢]

- k
the sine series of f = s(f,x) = 2 Sk COS ik :
k=1 L



where

R
——J f(x) sinkﬂ—xdx— ff Sinkﬂda:
L),

Define g : (—m,7) — R by g(z) = f(E) Then the Fourier coefficients of ¢ is the same as the
_ m
Fourier coefficients of f. By the Parseval identity,

100 T ) 1 L
3t = g ) orae=gp | ff
thus
=2 w2
s = — z)* dx o
k=1 L Jy

Problem 3. Find the Fourier transform of the following functions.
1. f:R — R given by f(z) = ze " for ¢t > 0.

2. f:R — Rgiven by f(x) = X(—a,a) (), the characteristic (indicator) function of the set (—a,a).

3. fRoRgivenby f@) =4 © 770 et =0
. f:R —>Rgiven by f(x) = 0 ifr<o, where t > 0.
Solution. 1. Integrating by parts,
f(©) /1 J:cemzei"’”5 de = —— lim ’ ze " e dy
= — = 1
21 Jr V21 Row | _p
T= ) R
27]' R—0 Qt r=—R 2t _R
7/5 1 42 f Zé‘ 42
S ta? oot gy — 1S g [t .
2vas )¢ ¢ =y [e™](8)
2
Noting that with P,(z) = \26 2, the formula (??) implies that

1/\ 1 €2

\/* = (f) =—=€ %

Fo[e7](6) = N

thus f(f) __ % 5.

2. We integrate directly and obtain that if £ # 0

L " i L ’ cos(z&) —isin(x T
F&) == | etanm—— | [eoslag) — sin(a)] d
e=a  2sin(af)

1 . .
= ——— [ sin(x€) + i cos(zf)] e omE

V2mg

while J?(O) = \/127 ’ ldx = \ZL . Therefore,
2sin(ag) .
— if£#0,
flo=1 Vo
ife=0.

V2r



3. Since t > 0, lim e~ TR =0 for all £ € R; thus

R—0

ry 1 . —tx 7@1‘§d 1 l R ,(t+i£)xd 1 l 67(t+i§)x =R
= e e T = 1m e T = 1m :
A L V2m B Jo V2m Rooo —(t 4 i€) la=0

1
V2r(t + i€)

Problem 4. Let o > 0 be given. Show that the Fourier transform of the function

f(z) = ﬁ LOO totete el gy

is positive.

Proof. For ¢ € R*, define g(z,t) = t* le~te P ¢i#¢ By the Tonelli Theorem,

0 0
J |g(,t)] d(x,t) :J f ot te 1 dtdy :J to‘let<J e~ tel? da;)dt
R”™ % (0,00) R JO 0 R

© n 1 © Iz -1
= J ta—le—tG) fdt = —nf tatelet gt = (2+—O‘n) <.
0 m VTt Jo VT

The computation above also shows that f € L'(R™). Therefore, the Fubini Theorem implies that
Prey 1 1 |=|? -8
I'(a 7 J (J to et dt) e "Sdx
(a)f (&) 2 Jen U,

1 F ettt i P et 1 tlzf? —iz-€
= —" 1 e e e dt) dr = 1 e” ( - e e d:z;) dt
A 27 Jn <J J \ 2T Jn
x ’ 2 * (:L €12
— J o et Z e ) (6) dt = f t e/t e dt > 0.
0

0

The positivity of f then follows from the fact that I'(a) > 0.



