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Problem 1. Suppose that the Fourier transform of f P S (R) is pf(ξ). Find the Fourier transform
of the function y = f(2x+ 1) cosx.

Proof. By the Euler identity, cosx =
eix + e´ix

2
. Therefore,

ż

R
f(2x+ 1) cosxe´ixξ dx =

ż

R
f(2x+ 1)

eix + e´ix

2
e´ixξ dx

=
1

2

( ż

R
f(2x+ 1)e´ix(ξ´1) dx+

ż

R
f(2x+ 1)e´ix(ξ+1) dx

)
=

1

4

( ż

R
f(t)e´i t´1

2
(ξ´1) dt+

ż

R
f(t)e´i t´1

2
(ξ+1) dt

)
=

1

4

(
ei

ξ´1
2

ż

R
f(t)e´it ξ´1

2 dt+ ei
ξ+1
2

ż

R
f(t)e´it ξ+1

2 dt
)

which shows that the Fourier of y = f(2x+ 1) cosx is 1

4

[
ei

ξ´1
2 pf

(ξ ´ 1

2

)
+ ei

ξ+1
2 pf

(ξ + 1

2

)]
. ˝

Problem 2. A vector-valued function u = (u1, u2, ¨ ¨ ¨ , un) : Rn Ñ Rn is called a Schwartz function,
still denoted by u P S (Rn), if uj P S (Rn) for all 1 ď j ď n. Show the Korn inequality

n
ÿ

i,j=1

›

›ϵij(u)
›

›

2

L2(Rn)
ě

1

2

n
ÿ

i,j=1

›

›

›

Buj
Bxi

›

›

›

2

L2(Rn)
@ u P S (Rn) ,

where ϵij(u) =
1

2

( Bui
Bxj

+
Buj
Bxi

)
is the symmetric part of Du.

Hint: Use the Plancherel formula.

Proof. By the Plancherel formula,

›

›ϵij(u)
›

›

2

L2(Rn)
=

1

4

n
ÿ

i,j=1

ż

Rn

[
ξiξipuj(ξ)puj(ξ) + ξjξjpui(ξ)pui(ξ) + ξjξipui(ξ)puj(ξ) + +ξjξipui(ξ)puj(ξ)

]
dξ

=
n

ÿ

i=1

ż

Rn

ξ2i |pui(ξ)|
2dξ +

1

4

ÿ

i‰j

ż

Rn

[
ξ2i |puj(ξ)|

2 + ξ2j |pui(ξ)|
2 + 2ξjξipui(ξ)puj(ξ)

]
dξ

ě

n
ÿ

i=1

ż

Rn

ξ2i |pui(ξ)|
2dξ +

1

4

ÿ

i‰j

ż

Rn

[
ξ2i |puj(ξ)|

2 + ξ2j |pui(ξ)|
2 ´ ξ2i |pui(ξ)|

2 ´ ξ2j |puj(ξ)|
2
]
dξ

ě
1

2

n
ÿ

i=1

ż

Rn

ξ2i |pui(ξ)|
2dξ +

1

4

ÿ

i‰j

ż

Rn

[
ξ2i |puj(ξ)|

2 + ξ2j |pui(ξ)|
2
]
dξ

ě
1

2

n
ÿ

i,j=1

ż

Rn

ξ2i |puj(ξ)|
2dξ =

1

2

n
ÿ

i,j=1

›

›

›

Buj
Bxi

›

›

›

2

L2(Rn)
. ˝

Problem 3. 1. Let dr denote the dilation operator defined by drf(x) = f
(x
r

)
. Show that

F (drf) = rnd1/rF (f) @ f P S (Rn) . (0.1)



2. In some occasions (especially in engineering applications), the Fourier transform and inverse
Fourier transform of a (Schwartz) function f are defined by

pf(ξ) =

ż

Rn

f(x)e´i2πx¨ξdx and qf(x) =

ż

Rn

f(ξ)ei2πx¨ξdξ .

Show that under this definition, q

pf =
p

qf = f for all f P S (Rn). Note that you can use the
Fourier Inversion Formula that we derive in class.

Proof. Let F denote the Fourier transform operator that we used in class, and p be the Fourier
transform operator in this problem.

1. Let dr denote the dilation operator define by (drf)(x) = f(rx). By the change of variables
formula,

F (drf)(ξ) =
1

?
2π

n

ż

Rn

(drf)(x)e
´ix¨ξ dx =

1
?
2π

n

ż

Rn

f(r´1x)e´ix¨ξ dx

=
1

?
2π

n

ż

Rn

f(y)e´iry¨ξrn dy =
rn

?
2π

n

ż

Rn

f(y)e´iy¨(rξ) dy

= rnF (f)(rξ) = rn
[
d 1

r
F (f)

]
(ξ)

so that (0.1) is established.

2. Replacing f by d1/rf in (0.1) implies that

F (f) = F
(
drd 1

r
f
)
= rnd 1

r
F

(
d 1

r
f
)

@ f P S (Rn) . (˛)

Similarly, F ˚(drf) = rnd 1
r
F ˚(f) so that

F ˚(f) = rnd 1
r
F ˚

(
d 1

r
f
)

@ f P S (Rn) . (˛˛)

Note that

pf(ξ) =

ż

Rn

f(x)e´2πix¨ξ dx =
?
2π

n
F (f)(2πξ) =

?
2π

n[
d 1

2π
F (f)

]
(ξ)

=
1

?
2π

n (2π)
n
[
d 1

2π
F (f)

]
(ξ) =

1
?
2π

nF (d2πf)(ξ)

and
qf(ξ) = pf(´ξ) =

1
?
2π

nF (d2πf)(´ξ) =
1

?
2π

nF ˚(d2πf)(ξ) .

Therefore, (˛) implies that

q

pf(ξ) =
1

?
2π

nF ˚(d2π pf)(ξ) =
1

?
2π

nF ˚
( 1

?
2π

nd2πF (d2πf)
)
(ξ)

= F ˚
(
(2π)´nd2πF (d2πf)

)
(ξ) = F ˚(Ff)(ξ) = f(ξ) .

Similarly, (˛˛) implies that

p

qf(ξ) = F
(
(2π)´nd2πF

˚(d2πf)
)
(ξ) = F (F ˚f)(ξ) = f(ξ) . ˝



Problem 4. 1. Let f : R Ñ C be a continuous integrable function such that pf is also integrable.
Show that

f(x) =
1

2π

ż

R

( ż

R
f(y) cos[(x ´ y)ξ] dy

)
dξ @x P R .

2. If in addition to condition in 1, f is an even function. Show that

f(x) =
2

π

ż 8

0

( ż 8

0

f(y) cos(xξ) cos(yξ) dy
)
dξ .

3. If in addition to condition in 1, f is an odd function. Show that

f(x) =
2

π

ż 8

0

( ż 8

0

f(y) sin(xξ) sin(yξ) dy
)
dξ .

4. For a function g : [0,8) Ñ C satisfying
ż 8

0

ˇ

ˇg(x)
ˇ

ˇ dx ă 8, the Fourier cosine transform and the

Fourier sine transform of g, denoted by Fcos[g] and Fsin[g] respectively, are functions defined
by

Fcos[g](ξ) =

c

2

π

ż 8

0

g(y) cos(yξ) dy and Fsin[g](ξ) =

c

2

π

ż 8

0

g(y) sin(yξ) dy .

(a) Show that if Fcos[g] P L1(R), then

g(x) = Fcos
[
Fcos[g]

]
(x) whenever x P [0,8) and g is continuous at x,

or equivalently,
g(x) =

2

π

ż 8

0

( ż 8

0

g(y) cos(yξ) dy
)

cos(xξ) dξ

whenever x P [0,8) and g is continuous at x.

(b) Show that if Fsin[g] P L1(R), then

g(x) = Fsin
[
Fsin[g]

]
(x) whenever x P [0,8) and g is continuous at x,

or equivalently,
g(x) =

2

π

ż 8

0

( ż 8

0

g(y) sin(yξ) dy
)

sin(xξ) dξ

whenever x P (0,8) and g is continuous at x.

Hint of 4: Consider the even or odd extension of g, and apply conclusions in 2 and 3.

Proof. 1. Let f be a continuous integrable function such that pf is also integrable. Then qf is also
integrable; thus the Fourier inversion formula implies that

f(x) =
q

pf(x) =
1

2π

ż

R

( ż

R
f(y)e´iyξ dy

)
eixξ dξ =

1

2π

ż

R

( ż

R
f(y)ei(x´y)ξ dy

)
dξ

and

f(x) =
p

qf(x) =
1

2π

ż

R

( ż

R
f(y)eiyξ dy

)
e´ixξ dξ =

1

2π

ż

R

( ż

R
f(y)e´i(x´y)ξ dy

)
dξ



whenever f is continuous at x. Therefore, if f is continuous at x, then

f(x) =
1

2

[ 1

2π

ż

R

( ż

R
f(y)ei(x´y)ξ dy

)
dξ +

1

2π

ż

R

( ż

R
f(y)e´i(x´y)ξ dy

)
dξ
]

=
1

2π

ż

R

( ż

R
f(y)

ei(x´y)ξ + e´i(x´y)ξ

2
dy

)
dξ

=
1

2π

ż

R

( ż

R
f(y) cos[(x ´ y)ξ] dy

)
dξ .

We note that by the sum and difference of angles identities, the identity above implies that

f(x) =
1

2π

ż

R

( ż

R
f(y)

[
cos(xξ) cos(yξ) + sin(xξ) sin(yξ)

]
dy

)
dξ . (0.2)

2. If f is an even function, then
ż

R
f(y) sin(xξ) sin(yξ) dy = 0; thus (0.2) shows that if f is

continuous at x,

f(x) =
1

2π

ż

R

( ż

R
f(y) cos(xξ) cos(yξ) dy

)
dξ

=
1

2π

ż

R

(
2

ż 8

0

f(y) cos(yξ) dy
)

cos(xξ) dξ .

Note that the inner integral is an even function of ξ, so

f(x) =
2

2π

ż 8

0

(
2

ż 8

0

f(y) cos(yξ) dy
)

cos(xξ) dξ

=
2

π

ż 8

0

( ż 8

0

f(y) cos(yξ) dy
)

cos(xξ) dξ .

3. If f is an odd function, then
ż

R
f(y) cos(xξ) cos(yξ) dy = 0; thus (0.2) shows that if f is

continuous at x,

f(x) =
1

2π

ż

R

( ż

R
f(y) sin(xξ) sin(yξ) dy

)
dξ

=
1

2π

ż

R

(
2

ż 8

0

f(y) sin(yξ) dy
)

sin(xξ) dξ .

Note that the inner integral is an odd function of ξ, so

f(x) =
2

2π

ż 8

0

(
2

ż 8

0

f(y) sin(yξ) dy
)

sin(xξ) dξ

=
2

π

ż 8

0

( ż 8

0

f(y) sin(yξ) dy
)

sin(xξ) dξ .

4. Suppose that g : [0,8) Ñ C is integrable.

(a) Let f : R Ñ C be defined by

f(x) =

#

g(x) if x ě 0 ,

g(´x) if x ă 0 .



Then f is an even function and is integrable on R. Moreover,

pf(ξ) =
1

?
2π

ż

R
f(y)e´iyξ dy =

1
?
2π

ż

R
f(y)

[
cos(yξ) ´ i sin(yξ)

]
dy

=
1

?
2π

ż

R
f(y) cos(yξ) dy ´ i

1
?
2π

ż

R
f(y) sin(yξ) dy .

By the definition of f ,
ż

R
f(y) cos(yξ) dy =

ż 8

0

f(y) cos(yξ) dy +
ż 0

´8

f(y) cos(yξ) dy

=

ż 8

0

g(y) cos(yξ) dy +
ż 0

´8

g(´y) cos(y xi) dy

=

ż 8

0

g(y) cos(yξ) dy +
ż 0

8

g(y) cos(´yξ) d(´y)

= 2

ż 8

0

g(y) cos(yξ) dy =
?
2πFcos[g](ξ)

and
ż

R
f(y) sin(yξ) dy =

ż 8

0

f(y) sin(yξ) dy +
ż 0

´8

f(y) sin(yξ) dy

=

ż 8

0

g(y) sin(yξ) dy +
ż 0

´8

g(´y) sin(y xi) dy

=

ż 8

0

g(y) sin(yξ) dy +
ż 0

8

g(y) sin(´yξ) d(´y) = 0 ;

thus pf = Fcos[g] which implies that pf P L1(R). On the other hand, qf(ξ) = pf(´ξ) =

Fcos[g](ξ); thus the Fourier inversion formula implies that

Fcos
[
Fcos[g]

]
(x) =

p

qf(x) = f(x)

whenever f is continuous at x. In particular, if x P [0,8) and g is continuous at x, then
f is continuous at x and f(x) = g(x) which imply that

Fcos
[
Fcos[g]

]
(x) = g(x) whenever x P (0,8) and g is continuous at x.

(b) Let f : R Ñ C be defined by

f(x) =

$

’

&

’

%

g(x) if x ą 0 ,

´g(´x) if x ă 0 ,

0 if x = 0 .

Then f is an odd function and is integrable on R. Moreover,

pf(ξ) =
1

?
2π

ż

R
f(y)e´iyξ dy =

1
?
2π

ż

R
f(y)

[
cos(yξ) ´ i sin(yξ)

]
dy

=
1

?
2π

ż

R
f(y) cos(yξ) dy ´ i

1
?
2π

ż

R
f(y) sin(yξ) dy .



By the definition of f ,
ż

R
f(y) cos(yξ) dy =

ż 8

0

f(y) cos(yξ) dy +
ż 0

´8

f(y) cos(yξ) dy

=

ż 8

0

g(y) cos(yξ) dy ´

ż 0

´8

g(´y) cos(y xi) dy

=

ż 8

0

g(y) cos(yξ) dy ´

ż 0

8

g(y) cos(´yξ) d(´y) = 0

and
ż

R
f(y) sin(yξ) dy =

ż 8

0

f(y) sin(yξ) dy +
ż 0

´8

f(y) sin(yξ) dy

=

ż 8

0

g(y) sin(yξ) dy ´

ż 0

´8

g(´y) sin(y xi) dy

=

ż 8

0

g(y) sin(yξ) dy ´

ż 0

8

g(y) sin(´yξ) d(´y)

= 2

ż 8

0

g(y) sin(yξ) dy =
?
2πFsin[g](ξ) ;

thus pf = ´iFsin[g] which implies that pf P L1(R). On the other hand, qf(ξ) = pf(´ξ) =

iFsin[g](ξ); thus the Fourier inversion formula implies that

Fsin
[
Fsin[g]

]
(x) = ´iFsin

[
iFsin[g]

]
(x) =

p

qf(x) = f(x)

whenever f is continuous at x. In particular, if x P (0,8) and g is continuous at x, then
f is continuous at x and f(x) = g(x) which imply that

Fsin
[
Fsin[g]

]
(x) = g(x) whenever x P (0,8) and g is continuous at x. ˝

Problem 5. Suppose that f P L1(R) is continuous and pf(ξ) =
ln(1 + ξ2)

ξ2
. Find f(0) and

ż 8

´8

f(x) dx.

Solution. First we claim that pf P L1(R). To see this, note that pf ě 0 so that
ż

R

ˇ

ˇ pf(ξ)
ˇ

ˇ dξ =

ż 8

´8

ln(1 + ξ2)

ξ2
dξ =

´ ln(1 + ξ2)

ξ

ˇ

ˇ

ˇ

ξ=8

ξ=´8
+

ż 8

´8

1

ξ

2ξ

1 + ξ2
dξ

= 2

ż 8

´8

1

1 + ξ2
dξ = 2 arctan ξ

ˇ

ˇ

ˇ

ξ=8

ξ=´8
= 2π .

Therefore, we can apply the Fourier inversion formula to obtain that

f(0) =
1

?
2π

ż

R

pf(ξ)eiξ¨0 dξ =
1

?
2π

ż

R

ln(1 + ξ2)

ξ2
dξ =

2π
?
2π

=
?
2π .

Moreover, by the definition and the property of the Fourier transform,
ż 8

´8

f(x) dx = lim
ξÑ0

?
2π pf(ξ) =

?
2π lim

tÑ0+

ln(1 + t)

t
=

?
2π . ˝


