
Exercise Problem Sets 5
Oct. 14. 2022

Problem 1. Let } ¨ } : Fn Ñ R, where F = R or C, be defined by

}x}p ”

$

’

&

’

%

( n
ÿ

i=1

|xi|
p
) 1

p if 1 ď p ă 8 ,

max
␣

|x1|, ¨ ¨ ¨ , |xn|
(

if p = 8 ,

x = (x1, ¨ ¨ ¨ , xn) .

Complete the following.

1. Prove the Hölder inequality
ˇ

ˇxx,yy
ˇ

ˇ ď }x}p}y}q for all x,y P Fn, where p, q P [1,8] satisfy
1

p
+

1

q
= 1.

2. Show that } ¨ }p is indeed a norm on Fn for all 1 ď p ď 8.

3. Show that }x}8 = lim
pÑ8

}x}p for all x P Fn.

4. Show that for each 1 ď p, q ď 8 and p ‰ q, } ¨ }p and } ¨ }q are equivalent norms.

Hint: 1. Prove first the Young inequality (if you do not know this inequality)

ab ď
1

p
ap +

1

q
bq @ a, b ě 0 and p, q P (1,8) satisfying 1

p
+

1

q
= 1 ,

Proof. 1. First we prove the Young inequality. Suppose that 1 ă p ă 8. Consider the function
y = f(x) = xp´1. The inverse function of f is y = f´1(x) = x

1
p´1 . For a, b ą 0, we do not

necessarily have ap´1 = b; thus by the convexity of f we have
ż a

0

f(x) dx+

ż b

0

f´1(x) dx ě ab .

The inequality above implies that

ab ď

ż a

0

xp´1 dx+

ż b

0

x
1

p´1 dx =
1

p
ap +

1

1 + 1
p´1

b
1

p´1
+1 =

1

p
ap +

1

q
bq

since q =
p

p ´ 1
.

Now suppose that 1 ă p ă 8. Let x = (x1, ¨ ¨ ¨ , xn) and y = (y1, ¨ ¨ ¨ , yn) be given, and
q =

p

p ´ 1
be the Hölder conjugate of p satisfying 1

p
+

1

q
= 1. By Young’s inequality, we find

that
|xi|

}x}p

|yi|

}y}q
ď

1

p

( |xi|

}x}p

)p

+
1

q

( |yi|

}y}q

)q

=
1

p

|xi|
p

}x}
p
p
+

1

q

|yi|
q

}y}
q
q
;

thus
ˇ

ˇ

ˇ

n
ÿ

i=1

xi

}x}p

yi
}y}q

ˇ

ˇ

ˇ
ď

n
ÿ

i=1

|xi|

}x}p

|yi|

}y}q
ď

1

p

1

}x}
p
p

n
ÿ

i=1

|xi|
p +

1

q

1

}y}
q
q

n
ÿ

i=1

|yi|
q =

1

p
+

1

q
= 1 .



If p = 8, then q = 1 and clearly we have
ˇ

ˇ

ˇ

n
ÿ

i=1

xiyi

ˇ

ˇ

ˇ
ď

n
ÿ

i=1

|xi||yi| ď

n
ÿ

i=1

(
max
1ďiďn

|xi|

)
|yi| = }x}8

n
ÿ

i=1

|yi| = }x}8}y}1 .

The case that p = 1 can be proved in a similar fashion.

2. The case for p = 1 and p = 8 are trivial:

}x + y}1 =
n
ÿ

k=1

|xk + yk| ď

n
ÿ

k=1

(
|xk| + |yk|

)
=

n
ÿ

k=1

|xk| +
n
ÿ

k=1

|yk| = }x}1 + }y}1 ,

and for all 1 ď j ď n,

|xj + yj| ď |xj| + |yj| ď max
␣

|x1|, ¨ ¨ ¨ , |xn|
(

+ max
␣

|y1|, ¨ ¨ ¨ , |yn|
(

= }x}8 + }y}8

so that by the fact that }x + y}8 = |xk + yk| for some 1 ď k ď n we obtain that

}x + y}8 ď }x}8 + }y}8 .

For the case 1 ă p ă 8, having established Hölder’s inequality we find that

}x + y}pp =
n
ÿ

i=1

|xi + yi|
p ď

n
ÿ

i=1

|xi + yi|
p´1|xi| +

n
ÿ

i=1

|xi + yi|
p´1|yi|

ď

[ n
ÿ

i=1

(
|xi + yi|

p´1
) p

p´1

] p´1
p
( n
ÿ

i=1

|xi|
p
) 1

p

+
[ n
ÿ

i=1

(
|xi + yi|

p´1
) p

p´1

] p´1
p
( n
ÿ

i=1

|yi|
p
) 1

p

=
( n
ÿ

i=1

|xi + yi|
p
) p´1

p (
}x}p + }y}p

)
= }x + y}p´1

p

(
}x}p + }y}p

)
.

Therefore, }x + y}p ď }x}p + }y}p for 1 ă p ă 8 as well.

3. W.L.O.G. we can assume that x ‰ 0. Suppose that }x}8 = |xk| for some 1 ď k ď n. Then

}x}p =
( n
ÿ

i=1

|xi|
p
) 1

p
ě |xk| = }x}8 .

Moreover, |xj| ď |xk| for all 1 ď j ď n; thus

}x}p =
( n
ÿ

i=1

|xi|
p
) 1

p
= |xk|

[ n
ÿ

i=1

( |xi|

|xk|

)p] 1
p

ď |xk|

( n
ÿ

i=1

1p
) 1

p
= |xk|n

1
p ;

thus
}x}8 ď }x}p ď }x}8n

1
p .

By the fact that lim
pÑ8

n
1
p = 1, the Sandwich Lemma implies that lim

pÑ8
}x}p = }x}8.



4. It suffices to show that every p-norm is equivalent to the 8-norm since if so, then for all
1 ď p, q ă 8 there exist C1, C2, C3, C4 such that

C1}x}p ď }x}8 ď C2}x}p and C3}x}q ď }x}8 ď C4}x}q @ x P Fn .

Therefore,
C1

C4

}x}p ď }x}q ď
C2

C3

}x}p @ x P Fn .

Now we show that each p-norm is equivalent to the 8-norm. Note that

}x}8 ď }x}p @ 1 ď p ď 8 .

On the other hand,

}x}p =
( n
ÿ

i=1

|xi|
p
) 1

p
ď

( n
ÿ

i=1

}x}p8

) 1
p

ď n
1
p }x}8 .

Therefore,
n´ 1

p }x}p ď }x}8 ď }x}p @ x P Fn and 1 ď p ď 8 . ˝

Problem 2. Complete the following.

1. For f P C ([a, b];R), define

}f}p =

$

’

&

’

%

( ż b

a
|f(x)|p dx

) 1
p if 1 ď p ă 8 ,

max
xP[a,b]

ˇ

ˇf(x)
ˇ

ˇ if p = 8 .

Show that } ¨ }p is a norm on C ([a, b];R).

2. Show that }f}8 = lim
pÑ8

}f}p for all f P C ([a, b];R).

3. Are } ¨ }p and } ¨ }q equivalent norms on C ([a, b];R) for any 1 ď p, q ď 8?

Proof. 1. For a continuous function h : [a, b] Ñ R,
ż b

a

h(x) dx = lim
nÑ8

n
ÿ

i=1

h
(
a+ i

b ´ a

n

)b ´ a

n
.

Therefore, with ci and di denoting f
(
a+ i

b ´ a

n

)
and g

(
a+ i

b ´ a

n

)
, respectively, we have

}f + g}p = lim
nÑ8

( n
ÿ

i=1

ˇ

ˇ

ˇ
(f + g)

(
a+ i

b ´ a

n

)ˇ
ˇ

ˇ

p b ´ a

n

) 1
p
= (b ´ a)

1
p lim
nÑ8

[
n´ 1

p

( n
ÿ

i=1

|ci + di|
p
) 1

p
]
,

and similarly,

}f}p = (b ´ a)
1
p lim
nÑ8

[
n´ 1

p

( n
ÿ

i=1

|ci|
p
) 1

p
]
, }g}p = (b ´ a)

1
p lim
nÑ8

[
n´ 1

p

( n
ÿ

i=1

|di|
p
) 1

p
]
.

By Minkowski’s inequality in Problem 1,

n´ 1
p

( n
ÿ

i=1

|ci + di|
p
) 1

p
ď n´ 1

p

( n
ÿ

i=1

|ci|
p
) 1

p
+ n´ 1

p

( n
ÿ

i=1

|di|
p
) 1

p
;

thus the desired conclusion follows from passing to the limit as n Ñ 8.



2. By the Extreme Value Theorem (Problem 3 of Exercise 4), there exists c P [a, b] such that
ˇ

ˇf(c)
ˇ

ˇ = max
xP[a,b]

ˇ

ˇf(x)
ˇ

ˇ = }f}8 .

W.L.O.G. we can assume that f(c) ą 0.

Let n P N be given. Then by the continuity of f , there exists δn ą 0 such that

ˇ

ˇf(x) ´ f(c)
ˇ

ˇ ă
1

n
whenever x P In ” (c ´ δn, c+ δn) X [a, b] .

Then for n " 1,
ˇ

ˇf(x)
ˇ

ˇ ą
ˇ

ˇf(c)
ˇ

ˇ ´
1

n
whenever x P In .

Therefore, for n " 1,

}f}p =
( ż b

a

ˇ

ˇf(x)
ˇ

ˇ

p
dx

) 1
p

ě

( ż
In

ˇ

ˇf(x)
ˇ

ˇ

p
dx

) 1
p

ě

(
|f(c)| ´

1

n

)( ż
In

dx
) 1

p

=
(

}f}8 ´
1

n

)
|In|

1
p ;

thus for all n " 1, (
}f}8 ´

1

n

)
|In|

1
p ď }f}p ď }f}8(b ´ a)

1
p .

Therefore, passing to the limit as p Ñ 8, we find that for n " 1,

}f}8 ´
1

n
ď lim inf

pÑ8
}f}p ď lim sup

pÑ8

}f}p ď }f}8 .

Therefore, passing to the limit as n Ñ 8, we find that

}f}8 = lim inf
pÑ8

}f}p = lim sup
pÑ8

}f}p = }f}8 ;

thus lim
pÑ8

}f}p = }f}8.

3. The 1-norma and the 8-norm are not equivalent. For each n P N, consider the function
fn : [0, 1] Ñ R defined by

fn(x) =

#

´n2x+ n if 0 ď x ď
1

n
,

0 otherwise.

Then }fn}1 =
1

2
but }fn}8 = n. Therefore,

}fn}8

}fn}1
= 2n

which does not belong to any given bounded interval [C1, C2] when n is large. In fact, any
p-norm and q-norm cannot be equivalent since for every n ą 0 one can also find a
function f : [0, 1] Ñ R such that }f}p = 1 and }f}q ą n if p ă q. ˝



Problem 3. A set A in a vector space V is called convex if for all x, y P A, the line segment joining
x and y, denoted by xy, lies in A.

1. Show that open r-balls and closed r-balls in any normed vector spaces are convex.

2. Show that an ellipsoid E ”
␣

x P Rn
ˇ

ˇxTQx + bTx + c ď 0
(

is convex, where Q is a positive
semi-definite n ˆ n matrix and b, c P Rn are vectors.

3. Show that a polytope P ”
␣

x P Rn
ˇ

ˇAx ď b
(

is convex, where A is an m ˆ n matrix, b P Rm

is a vector, and ď is defined by c ď d if and only if ci ď di for all components.

4. Show that if Cα is convex for all α P I, then
Ş

αPI

Cα is convex.

5. Show that if C1, C2, ¨ ¨ ¨ , CN are convex sets and µ1, µ2, ¨ ¨ ¨ , µN are real numbers, then

µ1C1 + µ2C2 + ¨ ¨ ¨ + µNCN ”
␣

µ1x1 + µ2x2 + ¨ ¨ ¨ + µNxn

ˇ

ˇxk P Ck for 1 ď k ď N
(

is convex.

6. Show that if C1, C2, ¨ ¨ ¨ , CN are convex sets, then the Cartesian product C1 ˆC2 ˆ ¨ ¨ ¨ ˆCN is
convex.

7. Let A be an m ˆ n matrix, and C be a convex set in Rn, D be a convex set in Rm. Show that

A(C) ”
␣

Ax
ˇ

ˇx P C
(

and A´1(D) ”
␣

x
ˇ

ˇAx P D
(

are convex.

8. Let ∆k ”

!

(λ1, ¨ ¨ ¨ , λk) P Rk
ˇ

ˇ

ˇ
0 ď λi ď 1 for all 1 ď i ď k and

k
ř

i=1

λi = 1
)

. A convex combi-
nation of k vectors x1, ¨ ¨ ¨ ,xk P Rn is a sum of the form λ1x1 + λ2x2 + ¨ ¨ ¨ + λkxk for some
(λ1, ¨ ¨ ¨ , λk) P ∆k. Show that the collection of all convex combinations of k given vectors
x1, ¨ ¨ ¨ ,xk is convex; that is, show that

␣

λ1x1 + λ2x2 + ¨ ¨ ¨ + λkxk

ˇ

ˇ (λ1, λ2, ¨ ¨ ¨ , λk) P ∆k

(

is convex.

9. Let S be a subset in Rn. Show that the collection of all convex combinations of finitely many
vectors from S is convex; that is, show that

␣

λ1x1 + ¨ ¨ ¨ + λkxk

ˇ

ˇ k P N ,x1,x2, ¨ ¨ ¨ ,xk P S and (λ1, ¨ ¨ ¨ , λk) P ∆k

(

is convex. The set defined above is called the convex full of S and is sometimes denoted by
conv(S).



Problem 4. Show that

}A}1 = max
#

n
ÿ

i=1

|ai1|,
n
ÿ

i=1

|ai2|, ¨ ¨ ¨ ,
n
ÿ

i=1

|aim|

+

@A P Mnˆm .

Hint: Mimic the computation of }A}8 in Example 2.19 of the lecture note, or make use of Problem
6 of Exercise 2.

Proof. By Problem 6 of Exercise 2.

}x}1 = sup
}y}8=1

x ¨ y and }y}8 = sup
}x}1=1

x ¨ y ,

where x ¨ y denotes the standard inner product of x and y in the Euclidean space. Therefore,

}A}1 = sup
}x}1=1

}Ax}1 = sup
}x}=1

sup
}y}8=1

(Ax) ¨ y = sup
}x}1=1

sup
}y}8=1

x ¨ (ATy) ,

and Problem 5 of Exercise 2 further implies that

}A}1 = sup
}y}8=1

sup
}x}1=1

(ATy) ¨ x = sup
}y}8=1

}ATy}8 = }AT}8 .

By the fact that the 8-norm of an n ˆ m real matrix is the maximum of the sum of the absolute
value of entries of all row vectors, we find that

}A}1 = }AT}8 = max
#

n
ÿ

i=1

|ai1|,
n
ÿ

i=1

|ai2|, ¨ ¨ ¨ ,
n
ÿ

i=1

|aim|

+

. ˝

Alternative proof. Let x = (x1, ¨ ¨ ¨ , xm) P Rm and }x}1 = 1. Then for A = [aij] P Mnˆm, we have

}Ax}1 =
n
ÿ

i=1

ˇ

ˇ

ˇ

m
ÿ

j=1

aijxj

ˇ

ˇ

ˇ
ď

n
ÿ

i=1

m
ÿ

j=1

|aij||xj| =
m
ÿ

j=1

n
ÿ

i=1

|aij||xj| =
m
ÿ

j=1

|xj|

( n
ÿ

i=1

|aij|
)

ď

m
ÿ

j=1

|xj|

(
max
1ďjďm

n
ÿ

i=1

|aij|
)
=

(
max
1ďjďm

n
ÿ

i=1

|aij|
) m
ÿ

j=1

|xj| =
(

max
1ďjďm

n
ÿ

i=1

|aij|
)

}x}1

= max
1ďjďm

n
ÿ

i=1

|aij| .

Therefore, }A}1 = sup
}x}1=1

}Ax}1 ď max
1ďjďm

n
ř

i=1

|aij|.

On the other hand, suppose that max
1ďjďm

n
ř

i=1

|aij| =
n
ř

i=1

|aik|; that is, the maximum of the sum of

absolute value of column entries of A occurs at the k-th column. Let x = (x1, ¨ ¨ ¨ , xm) P Rm be
defined by

xj =

"

0 if j ‰ k ,

1 if j = k .

Then
}Ax}1 =

n
ÿ

i=1

ˇ

ˇ

ˇ

m
ÿ

j=1

aijxj

ˇ

ˇ

ˇ
=

n
ÿ

i=1

|aik| = max
1ďjďm

n
ÿ

i=1

|aij| ;

thus }A}1 = sup
}x}1=1

}Ax}1 ě max
1ďjďm

n
ř

i=1

|aij|. ˝



Problem 5. Let Mnˆm(F) be collection of nˆm matrices with entries in F, where F = R or C. For
A P Mnˆm(F), define

}A}p = sup
}x}p=1

}Ax}p = sup
x‰0

}Ax}p

}x}p
.

1. Show that } ¨ }p is a norm on Mnˆm(F).

2. Show that }A}2 =
a

the maximum eigenvalue of A:A, where A: is the conjugate transpose of
A.

3. Show that }A}8 = max
! m
ř

k=1

|a1k|,
m
ř

k=1

|a2k|, ¨ ¨ ¨ ,
m
ř

k=1

|ank|

)

if A P Mnˆm(F).

4. Show that }A}1 = max
! n
ř

k=1

|ak1|,
n
ř

k=1

|ak2|, ¨ ¨ ¨ ,
n
ř

k=1

|akm|

)

if A P Mnˆm(F).

5. Show that }A}22 ď }A}1}A}8 for all A P Mnˆm(F).

Proof. The proofs of 1,2,4 are identical to the proof for the case of F = R and are given in Example
2.19 and Problem 4.

3. It suffices to show the case F = C and A is not zero matrix. Let x P Cm. If }x}8 = 1, then for
each 1 ď i ď n,

|ai1x1 + ai2x2 + ¨ ¨ ¨ aimxm| ď

m
ÿ

j=1

|aij| ď max
1ďiďn

m
ÿ

j=1

|aij| ;

thus the absolute value of each component of Ax, under the constraint }x}8 = 1, has an upper

bound max
1ďiďn

m
ÿ

j=1

|aij|. Therefore,

}A}8 = sup
}x}8=1

}Ax}8 = sup
}x}8=1

max
1ďiďn

|ai1x1 + ai2x2 + ¨ ¨ ¨ aimxm| ď max
1ďiďn

m
ÿ

j=1

|aij| .

On the other hand, assume max
1ďiďn

m
ÿ

j=1

|aij| =
m
ÿ

j=1

|akj| for some 1 ď k ď n. Let βj P C satisfy

βjajk = |akj|

and define
x = (β1, β2, ¨ ¨ ¨ , βn)

T .

Then }x}8 = 1 (since A is not zero matrix so that maxt|b1|, ¨ ¨ ¨ , |bn|u = 1), and }Ax}8 =
m
ř

j=1

|akj|; thus

}A}8 = sup
}x}8=1

}Ax}8 ě

m
ÿ

j=1

|akj| = max
1ďiďn

m
ÿ

j=1

|aij| .

The combination of the two inequalities above implies the desired identity.



5. Let λ ě 0 be the largest eigenvalue of A:A with corresponding eigenvector v. Then A:Av = λv
so that 2 implies that

}A}22}v}1 = λ}v}1 = }A:Av}1 ď }A:}1}Av}1 ď }A:}1}A}1}v}1 ;

thus by the fact (from 3 and 4) that }A:}1 = }A}8 and }v}1 ‰ 0, we conclude the desired
inequality. ˝

Problem 6. Let Mnˆm(F) be the collection of all n ˆ m matrices with entries in F, where F = R
or C. Define a function } ¨ }p,q : Mnˆm(F) Ñ R by

}A}p,q = sup
}x}p=1

}Ax}q ,

here we recall that } ¨ }p is the p-norm on Fn given in Problem 1. If p = q, we simply use }A}p to
denote }A}p,q. Complete the following.

1. Show that }A}p,q = sup
x‰0

}Ax}q

}x}p
for all p, q ě 1.

2. Show that }A}p,q = inf
␣

M P F
ˇ

ˇ }Ax}q ď M}x}p @ x P Fm
(

.

3. }Ax}q ď }A}p,q}x}p for all x P Fm.

4. } ¨ }p,q defines a norm on Mnˆm(F).

5. Let tAku8
k=1 Ď Mnˆm(F). Show that lim

kÑ8
}Ak}p,q = 0 if and only if each entry of Ak converges

to 0. In other words, by writing Ak =
[
a
(k)
ij

]
1ďiďn,1ďjďm

, show that lim
kÑ8

}Ak}p,q = 0 if and

only if lim
kÑ8

a
(k)
ij = 0 for all 1 ď i ď m, 1 ď j ď n. In particular, Ak Ñ A in the sense that

}Ak ´ A}p,q Ñ 0 as k Ñ 8 if and only if the (i, j)-th entry of Ak converges to (i, j)-th entry of
A for all 1 ď i ď n and 1 ď j ď m.

Proof. 1. If x ‰ 0, then y =
x

}x}p
satisfies that }y}p = 1; thus if x ‰ 0,

}Ax}q

}x}p
= }Ay}q ď sup

}x}p=1

}Ax}q = }A}p,q .

Therefore, sup
x‰0

}Ax}q

}x}p
ď }A}p,q.

On the other hand, if }x}p = 1, then x ‰ 0; thus if }x}p = 1,

}Ax}q =
}Ax}q

}x}p
ď sup

x‰0

}Ax}q

}x}p
.

Therefore, }A}p,q = sup
}x}p=1

}Ax}q ď sup
x‰0

}Ax}q

}x}p
.

2. 2 follows from Problem 4 of Exercise 2.



3. By 1, }Ax}q

}x}p
ď }A}p,q for all x ‰ 0 or equivalently,

}Ax}q ď }A}p,q}x}p @ x ‰ 0 .

Since the inequality above also holds for x = 0, we conclude that

}Ax}q ď }A}p,q}x}p @ x P Rm .

4. The proof of 4 is similar to the proof of that } ¨ }p is a norm on Mnˆm(F).

5. Let B = [bij] P Mnˆm, and |bkℓ| = max
1ďiďn,1ďjďm

|bij|; that is, the maximum of the absolute value
of entries of B occurs at the (k, ℓ)-entry. Let eℓ be the unit vector whose ℓ-th component is 1.
Since Beℓ is the ℓ-th column of B, for 1 ď i ď n and 1 ď j ď m,

|bij| ď |bkℓ| ď }Beℓ}q ď }B}p,q}eℓ}p = }B}p,q ;

thus
|bij| ď }B}p,q @ 1 ď i ď n, 1 ď j ď m. (‹)

On the other hand, there exists x P Rm such that }x}p = 1 and }Bx}q ě
}B}p,q

2
. Therefore, if

1 ď q ă 8,

}B}p,q

2
ď }Bx}q =

( n
ÿ

i=1

ˇ

ˇ

ˇ

m
ÿ

j=1

bijxj

ˇ

ˇ

ˇ

q) 1
q

ď

[ n
ÿ

i=1

( m
ÿ

j=1

|bij|
)q] 1

q
ď m

[ n
ÿ

i=1

( 1

m

m
ÿ

j=1

|bij|
)q] 1

q

ď m
( n
ÿ

i=1

1

m

m
ÿ

j=1

|bij|
q
) 1

q
ď m1´ 1

q

( n
ÿ

i=1

m
ÿ

j=1

|bij|
q
) 1

q
ď m

( n
ÿ

i=1

m
ÿ

j=1

|bij|
q
) 1

q
,

while if q = 8,

}B}p,q

2
ď }Bx}8 = max

1ďiďn

ˇ

ˇ

ˇ

m
ÿ

j=1

bijxj

ˇ

ˇ

ˇ
ď max

1ďiďn

m
ÿ

j=1

|bij| ď

n
ÿ

i=1

m
ÿ

j=1

|bij| .

In either cases, we conclude that

}B}p,q ď f(|b11|, |b12|, ¨ ¨ ¨ , |bnm|) (˛)

for some function f of nm variables satisfying that f(y) Ñ 0 as y Ñ 0.

(ñ) Using (‹), we find that for each 1 ď i ď n and 1 ď j ď m,

0 ď
ˇ

ˇa
(k)
ij

ˇ

ˇ ď }Ak}p,q .

Since lim
kÑ8

}Ak}p,q = 0, by the Sandwich Lemma we conclude that

lim
kÑ8

ˇ

ˇa
(k)
ij

ˇ

ˇ = 0 @ 1 ď i ď n, 1 ď j ď m.



(ð) Suppose that lim
kÑ8

ˇ

ˇa
(k)
ij

ˇ

ˇ = 0 for all 1 ď i ď n, 1 ď j ď m. Then (˛) implies that

0 ď }Ak}p,q ď f
(ˇ
ˇa

(k)
11

ˇ

ˇ,
ˇ

ˇa
(k)
12

ˇ

ˇ, ¨ ¨ ¨ ,
ˇ

ˇa(k)nm

ˇ

ˇ

)
(˛)

for some function f of nm variables satisfying that f(y) Ñ 0 as y Ñ 0. Therefore,
the Sandwich Lemma implies that lim

kÑ8
}Ak}p,q = 0. ˝

Problem 7. Let Mnˆm(F) be the collection of all n ˆ m matrices with entries in F, where F = R
or C. Define } ¨ }F : Mnˆm(F) Ñ R by

}A}F ”

( n
ÿ

i=1

m
ÿ

j=1

|aij|
2
) 1

2
.

1. Show that }A}2F = tr(A:A), where A: is the conjugate transpose of A, and tr(M) is the trace
of square matrix M .

2. Show that } ¨ }F is a norm on Mnˆm(F) (for all n,m P N). This norm is called the Frobenius
norm of matrices.

3. Show that }AB}F ď }A}F }B}F whenever A P Mnˆm(F) and B P Mmˆp(F).

Hint: 3. Let A =
[
a1

...a2
... ¨ ¨ ¨

...am

]
and B =

[
b1

...b2
... ¨ ¨ ¨

...bm

]T; that is, ak is the k-th column of A

and bℓ is the ℓ-th row of B. Then AB =
m
ř

k=1

akbk. First show that }akbT
k }F = }ak}2}bk}2 and use

the triangle inequality to conclude the desired equality.

Proof. 1. Note that if C = AB and A = [aij], B = [bij] and C = [cij], then

cij =
ÿ

k

aikbkj . (0.1)

Therefore, if B = A:A, where A = [aij] P Mnˆm(F) and B = [bij] P Mmˆm(F), then the
(i, k)-entry of A: is aki so that

bij =
n
ÿ

k=1

akiakj ;

thus
tr(A:A) =

m
ÿ

i=1

bii =
m
ÿ

i=1

n
ÿ

k=1

akiaki =
m
ÿ

i=1

n
ÿ

k=1

|aki|
2 = }A}2F .

2. Clearly } ¨ }F satisfies properties (a)-(c) in Definition ??, so it suffices to show the triangle
inequality. Let A = [aij] and B = [bij]. Define two vectors u, v P Fnm by

u = (a11, a12, ¨ ¨ ¨ , a1m, a21, ¨ ¨ ¨ , a2m, a31, ¨ ¨ ¨ , a3m, ¨ ¨ ¨ , an1, ¨ ¨ ¨ , anm)

and
v = (b11, b12, ¨ ¨ ¨ , b1m, b21, ¨ ¨ ¨ , b2m, b31, ¨ ¨ ¨ , b3m, ¨ ¨ ¨ , bn1, ¨ ¨ ¨ , bnm) .



Using the triangle inequality for the norm } ¨ }Fnm , we obtain that

}A+B}F =
( n
ÿ

i=1

m
ÿ

j=1

ˇ

ˇaij + bij
ˇ

ˇ

2
) 1

2
= }u + v}Fnm ď }u}Fnm + }v}Fnm

=
( n
ÿ

i=1

m
ÿ

j=1

ˇ

ˇaij
ˇ

ˇ

2
) 1

2
+
( n
ÿ

i=1

m
ÿ

j=1

ˇ

ˇbij
ˇ

ˇ

2
) 1

2
= }A}F + }B}F

so that the triangle inequality for } ¨ }F is established.

3. Let ai and bj denote the i-th column of A and j-th row of B, respectively. Then (0.1) implies
that

AB = a1b1 + a2b2 + ¨ ¨ ¨ + ambm . (0.2)

Note that for column vector a = (a1, ¨ ¨ ¨ , an)
T P Fn and row vector b = (b1, ¨ ¨ ¨ , bp) P Fp,

}ab}2F =
n
ÿ

i=1

p
ÿ

j=1

|aibj|
2 =

( n
ÿ

i=1

|ai|
2
)( p

ÿ

j=1

|bj|
2
)
= }a}22}b}22 ;

thus (0.2) and the triangle inequality imply that

}AB}F ď

m
ÿ

k=1

}akbk}F ď

m
ÿ

k=1

}ak}2}bk}2 .

The Cauchy-Schwarz inequality further shows that

}AB}2F ď

( m
ÿ

k=1

}ak}2}bk}2

)2

ď

( m
ÿ

k=1

}ak}22

)( m
ÿ

k=1

}bk}22

)
= }A}2F }B}2F ;

thus }AB}F ď }A}F }B}F . ˝

Problem 8. Let (V , x¨, ¨y) be an inner product space over F, where F = R or C, and x,y P V . Show
that

xx,yy = 0 if and only if }y} ď }λx + y} @λ P F ,

where } ¨ } is the norm induced by the inner product x¨, ¨y.

Proof. Let α = xx,yy. Then

}λx + y}2 = xλx + y, λx + yy = xλx, λxy + xλx,yy + xy, λxy + xy,yy

= |λ|2}x}2 + λxx,yy + λxx,yy + }y}2 = |λ|2}x}2 + 2Re(αλ) + }y}2 .

“ñ” If α = 0, then }λx + y}2 = |λ|2}x}2 + }y}2 ě }y}2 for all λ P F.

“ð” W.L.O.G. we can assume that x ‰ 0. Letting λ = ´
sα

}x}2
, we find that

}y}2 ď }λx + y}2 =
|α|2

}x}4
}x}2 + 2

´|α|2

}x}2
+ }y}2 = }y}2 ´

|α|2

}x}2
;



thus α = 0. ˝

Problem 9. Let (V ,+, ¨, x¨, ¨y) be an inner product space over R, and define }v} = xv, vy1/2 for all
v P V . Show that

1. 2}x}2 + 2}y}2 = }x + y}2 + }x ´ y}2 (parallelogram law).

2.
ˇ

ˇ}x}2 ´ }y}2
ˇ

ˇ ď }x + y}}x ´ y} ď }x}2 + }y}2.

3. 4 xx,yy = }x + y}2 ´ }x ´ y}2 (polarization identity).

Can the p-norm } ¨ }p on Rn be induced from any inner product (on Rn) for p ‰ 2?

Proof. Note that if x,y P V , by Proposition 2.25 of the lecture note we have

}x + y}2 = xx + y,x + yy = }x}2 + xy,xy + xx,yy + }y}2 ,

}x ´ y}2 = xx ´ y,x ´ yy = }x}2 ´ xy,xy ´ xx,yy + }y}2 .

Since V is a vector space over R, (e) of the definition of inner products implies that xx,yy = xy,xy

for all x,y P V ; thus

}x + y}2 = }x}2 + 2xx,yy + }y}2 and }x ´ y}2 = }x}2 ´ 2xx,yy + }y}2 . (0.3)

1. Let x,y P V be given. Then (0.3) implies that

}x + y}2 + }x ´ y}2 = 2
(
}x}2 + }y}2

)
.

2. Let x,y P V be given. Then (0.3) implies that

}x + y}2}x ´ y}2 =
(
}x}2 + 2xx,yy + }y}2

)(
}x}2 ´ 2xx,yy + }y}2

)
=

(
}x}2 + }y}2

)2
´ 4

ˇ

ˇxx,yy
ˇ

ˇ

2
ď

(
}x}2 + }y}2

)2
;

thus }x + y}}x ´ y} ď }x}2 + }y}2.

On the other hand, the Cauchy-Schwarz inequality implies that

}x + y}2}x ´ y}2 =
(
}x}2 + 2xx,yy + }y}2

)(
}x}2 ´ 2xx,yy + }y}2

)
=

(
}x}2 + }y}2

)2
´ 4

ˇ

ˇxx,yy
ˇ

ˇ

2
ě

(
}x}2 + }y}2

)2
´ 4}x}2}y}2

= }x}4 + 2}x}2}y}2 + }y}4 ´ 4}x}2}y}2

= }x}4 ´ 2}x}2}y}2 + }y}4 =
(
}x}2 ´ }y}2

)2
ě 0 ;

thus }x + y}}x ´ y} ě
ˇ

ˇ}x}2 ´ }y}2
ˇ

ˇ.

3. Let x,y P V be given. Then (0.3) implies that

}x + y}2 + }x ´ y}2 = 2xy,xy + 2xx,yy = 4xx,yy .



Suppose that } ¨ }p is induced by an inner production x¨, ¨y on Rn. Then 1 implies that

2}x}2p + 2}y}2p = }x + y}2p + }x ´ y}2p @ x,y P Rn .

Let x = e1 and y = e2. Then }x}p = }y}p = 1 and }x + y}p = }x ´ y}p = 2
1
p so that

4 = 2
2
p + 2

2
p

which holds only for p = 2. Therefore, if p ‰ 2, then } ¨ }p is not induced by an inner product on Rn.
˝

Problem 10. Let (V , x¨, ¨y) be an inner product space over C. Show the polarization identity

xx,yy =
1

4

(
}x + y}2 ´ }x ´ y}2 + i}x + iy}2 ´ i}x ´ iy}2

)
@ x,y P V .

Proof. Let x,y P V be given. Then

}x + y}2 ´ }x ´ y}2 + i}x + iy}2 ´ i}x ´ iy}2

= xx + y,x + yy ´ xx ´ y,x ´ yy + ixx + iy,x + iyy ´ ixx ´ iy,x ´ iyy

= 2
(
xx,yy + xy,xy

)
+ 2i

(
xx, iyy + xiy,xy

)
.

By Proposition 2.25 of the lecture note, we conclude that

i
(
xx, iyy + xiy,xy

)
= xx,yy ´ xy,xy ;

thus

}x + y}2 ´ }x ´ y}2 ´ i}x + iy}2 + i}x ´ iy}2 = 4xx,yy . ˝

Problem 11. Let (M,d) be a metric space. Define ρ : M ˆ M Ñ R by

ρ(x, y) =
d(x, y)

1 + d(x, y)
.

Show that (M,ρ) is also a metric space.

Proof. By the fact that d is a metric, we find that ρ(x, y) ě 0 and ρ(x, y) = ρ(y, z) for all x, y P M .
Moreover,

ρ(x, y) = 0 if and only if d(x, y) = 0 if and only if x = y .

Therefore, if suffices to shows the triangle inequality. Let x, y, z P M be given. Then(
1 + d(x, z)

)(
ρ(x, y) + ρ(y, z)

)
=

(
1 + d(x, z)

)( d(x, y)

1 + d(x, y)
+

d(y, z)

1 + d(y, z)

)
=

d(x, y)
(
1 + d(y, z)

)(
1 + d(x, z)

)
+ d(y, z)

(
1 + d(x, y)

)(
1 + d(x, z)

)(
1 + d(x, y)

)(
1 + d(y, z)

)
ě

d(x, z) + d(x, y)d(x, z) + d(y, z)d(x, z) + d(x, y)d(y, z)d(x, z)

1 + d(x, y) + d(y, z) + d(x, y)d(y, z)

= d(x, z)
1 + d(x, y) + d(y, z) + d(x, y)d(y, z)

1 + d(x, y) + d(y, z) + d(x, y)d(y, z)
= d(x, z) ;

thus ρ(x, y) + ρ(y, z) ě
d(x, z)

1 + d(x, z)
= ρ(x, z). ˝



Problem 12. Let d : R2 ˆ R2 Ñ R be defined by

d(x,y) =
#

|x1 ´ y1| if x2 = y2 ,

|x1 ´ y1| + |x2 ´ y2| + 1 if x2 ‰ y2 ,
where x = (x1, x2) and y = (y1, y2).

Show that d is a metric on R2.

Proof. Let x = (x1, x2), y = (y1, y2) and z = (z1, z2) in R2.

1. Clearly d(x,y) ě 0.

2. d(x,y) = 0 ô (x2 = y2) ^ |x1 ´ y1| = 0 ô (x2 = y2) ^ (x1 = y1) ô x = y.

3. (a) The case x2 = y2: In this case d(x,y) = |x1 ´ y1| and d(y,x) = |y1 ´ x1|; thus if x2 = y2

then d(x,y) = d(y,x).

(b) The case x2 ‰ y2: In this case

d(x,y) = |x1 ´ y1| + |x2 ´ y2| + 1 and d(y,x) = |y1 ´ x1| + |y2 ´ x2| + 1 ;

thus if x2 ‰ y2 then d(x,y) = d(y,x).

In either cases, we have d(x,y) = d(y,x).

4. (a) The case x2 = y2: In this case

d(x,y) = |x1 ´ y1| ď |x1 ´ z1| + |z1 ´ y1| ď d(x, z) + d(z,y) .

(b) The case x2 ‰ y2: In this case z2 is different from at least one of the second component
x2, y2. W.L.O.G. we assume that z2 ‰ x2. Then

d(x,y) = |x1 ´ y1| + |x2 ´ y2| + 1

ď |x1 ´ z1| + |z1 ´ y1| + |x2 ´ z2| + |z2 ´ y2| + 1

= d(x, z) + |z1 ´ y1| + |z2 ´ y2| ď d(x, z) + d(z,y) .

In either cases, d satisfies the triangle inequality. ˝


