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Oct. 21. 2022

Problem 1. Let (M, d) be a metric space, and {z,}>_, be a sequence in M. Show that {x,}> ; is

Cauchy if and only if

Ve>0,3ye Ms#{neN|z, ¢ B(y,e)} <.

Proof. “=" Let € > 0 be given. Since {z,}°, is a Cauchy sequence, there exists N > 0 such that

«_»
=

d(zp,xm,) <e  whenever n,m > N .

Let y = zy. Then
{neN|z, ¢ B(y,e)} = {1,2,--- ,N -1}

which shows that #{n eN ‘ Ty, & B(y,a)} < 0.

Let € > 0 be given. By assumption there exists y € M such that #{n eN ‘ Tp & B(y, %)} < 0,
thus
NEmaX{neN‘xn¢B(g/,g)} < .

Note that if n > N, x,, € B(y, %) which implies that
d(x,,y) < % whenever n > N .
Therefore, if n,m > N, the triangle inequality implies that
d(zn, 2m) < d(zn,y) +d(y, 2m) <€

which shows that {x,}>, is a Cauchy sequence. o

Problem 2. Let (M, d) be a metric space, and {x}}2, be a sequence in M. Show that

1.

If {x)} ., is convergent, then {z;}}”, is a Cauchy sequence.

I {z4 )2, is a Cauchy sequence and a subsequence of {xj}{, converges to z, then {z;},

converges to x.

x is a cluster point of {z;}{, if and only if Ve > 0 and N > 0, 3k > N with d(zy,x) < e.
x is a cluster point of {zx}{, if and only if there is a subsequence converging to x.
{1}, converges to z if and only if every subsequence of {zy}, converges to .

{1}, converges to x if and only if every proper subsequence of {zy};.; has a further subse-

quence that converges to x.



Problem 3. Let (V,| - |) be a norm space, {ax};°; be a sequence in V, and {b,}>_, be the Cesaro

mean of {ax};2; that is, b, = — Z .-
" k=1

1. Show that if {ax};2, converges to a, then {b,})°_; converges to a.

2. Is the converse statement “if the Cesaro mean {b,}> ; of a sequence {ax}{_, converges, then

the sequence {ay}72, also converges” true?

Proof. 1. Let € > 0 be given. Since hm ar = a, there exists Ny > 0 such that
k—o0

lar — al < g whenever k> Nj.

Since lim — Z lap — a| = 0, there exists Ny > 0 such that

n—ow N
£
- Z lar — al < 5 whenever n > N,.

Let N = max{Ny, No}. Then if n > N,

n

1 « 1
lon = all = |~ > @k — ] < Z Jax — af < Z Jax —all +— >3 lox — al
n ) n

k 1 k=Ny

1 ¢ - N +1
< = + Z g == Eu <eE.
n5 n
2. No. For example, let a,, = (—1)". Then hm b, = 0 but {a,}°_, does not converge. a

Problem 4. Let V be a vector space over field F, F = R or C, and {ey,--- ,e,} be a basis of V; that
is, every vector e € V can be expressed (uniquely) by & = ) z;e; with z; € F for all 1 < i < n. From

=1
Example 2.28 in the lecture note we know that (-,-): V x V — F defined by

(x,y) = Z Tii if x= Z rje; and y = Z yje;.
=1 j=1 =1
is an inner product. Show that (V,| - |2) is a Banach space, where || - |2 is the norm induced by the

inner product.

(1)

Proof. Let {z,}, be a Cauchy sequence in (V, ] - |2). Write @, = z\"e; 4 2\

e+ - +ae,. For
each 1 < j <n and k,? € N, The Cauchy-Schwarz inequality implies that

) — 2| = (o, — o, 0] < @ — @2l = 2 — o

thus {x,(cj )}Zozl is a Cauchy sequence in F for all 1 < j < n. Since F is complete, there exists xz; € F

such that

lim x,(g) = 20
k—o0



Let € > 0 be given. Since klim a:,(cj) =2 for 1 < j < n, for each 1 < j < n there exists N; > 0
—00
such that

}ZE;(gj) _ x(j)‘ < \/iﬁ whenever k> N;.

Let € = z1e; + - - - + x,e,. Then for K = N = max{Ny, Ny, - , N, },

2

H:I;k—a:HQ<\/(m,(gl)—$1)2+---+(x,(€n)—$n)2< 44—

2
n n
which shows that {x;}}2, converges to . o

Problem 5. Show that (C, |- |) is complete; that is, every Cauchy sequence {z;}7_; in C converges.

Proof. Let {z,}>_, be a Cauchy sequence in C. Write z, = x, + iy,, where z, and y, are real

numbers. Then
|Tn — T < |20 — 2] and  |Yn — Ym| < |20 — 2l Vn,meN.

Therefore, {x,}>_; and {y,}>_, are Cauchy sequences in R; thus by the completeness of R, lim z,, =
n—0o0

and lim y, =y for some z,y € R. Let z = x 4+ yi. Then
n—0o0

|zn—z|:\/(xn—x)2+(yn—y)2—>0 as n — 0;

thus we establish that every Cauchy sequence in C converges to a point in C. This implies that

(C,|-|) is complete. D

Problem 6. Let (M, d) be a metric space. Two Cauchy sequences {p,}r_, and {g,}>, in M are
said to be equivalent, denoted by {p,}°; ~ {q.}°, if

lim d(pn,q.) =0.
n—oo
1. Prove that ~ is an equivalence relation; that is, show that
(@) {pntnet ~ APntnis

<b> It {pn}%o:1 ~ {Qn}?zozla then {Qn}%ozl ~ {pn}ff:l-

(¢) U A{pnfnsy ~ {@ntnzy and {gn}ozy ~ {rntizy, then {p}rl, ~ {ro}is;

2. Let {p,}_, and {g,}_; be two Cauchy sequences. Show that the sequence {d(p,, qn)}zo:1 is a

Cauchy sequence in R; thus is convergent.
3. Let M™ be the set of all equivalence classes. If P,() € M*, we define
d*(P, Q) - r}l—{rolo d(pm %L) )

where {p,}>_; € P and {¢,})°_; € Q. Show that the definition above is well-defined; that is, show

that if {p/ }° |, € P and {¢,}°_, € @ are another two Cauchy sequences, then 7}1_{1010 d(pn, qn) =

lim d(p!,, q,).
n—0o0



4. Define ¢ : M — M* as follows: for each x € M, {z,}> ,, where x, = z for all n € N, is a

Cauchy sequence in M. Then {z,}:_, € ¢(x) for one particular p(x) € M*. In other words,
y n=1

¢(x) is the equivalence class where {z,}°_; belongs to. Show that
d*(p(x), ¢(y)) =d(z,y)  Va,yeM.

5. Show that ¢(M) is dense in M*.

6. Show that (M*,d*) is a complete metric space. The metric space (M*,d*) is called the com-
pletion of (M, d).



