Exercise Problem Sets 2
Mar. 02. 2023

Problem 1. Let A < R" be an open bounded set with volume, and f : A — R be continuous. Show

that if J f(z)dz = 0 for all subsets B < A with volume, then f = 0.
B

Proof. Assume that for some a € A, f(a) # 0. W.L.O.G. we can assume that f(a) > 0. By the
continuity of f, there exists 6 > 0 such that

whenever z € B(a,d)n A.

[f(z) = fla)] < ==

Since A is open, we can choose 0 < r < ¢ such that B(a,r) € B(a,d) n A, and let B be a rectangle

in B(a,r) with sides parallel to the coordinate axes. Then B have volume and

@ < f(z) < %@ whenever z e B.
This implies that J flz)dx = ‘f(;)l/(B) > (, a contradiction. D
B

Problem 2. Prove the following statements.
1. The function f(z) = Siné is Riemann integrable on (0, 1).
2. Let f:(0,1] — R be given by

ﬁx:%E@J%®=17

if x is irrational.

1
fley=q P
0

Then f is Riemann integrable on (0,1]. Find f(z)dx as well.
(0,1]

3. Let A < R" be a bounded set, and f : A — R is Riemann integrable. Then f* (f ek =x > )
is integrable for all £ € N.

Proof. 1. Note that (0, 1) has volume, f is bounded on (0, 1) and f is continuous on (0, 1). Therefore,

the Lebesgue Theorem (or its corollary) implies that f is Riemann integrable on (0, 1).

2. In Calculus we have shown that f is continuous on Q' n (0, 1] so that the collection of dis-
continuities of 7(0’1] is Q@ n (0,1]. Since Q n (0, 1] is countable, we find that the collection of
discontinuities of 7(0’ " has measure zero. Therefore, f is Riemann integrable on (0, 1].

Let P be a partition of (0,1]. Then L(f, P) = 0 since
—(0,1]

it/

(1)=0 VAeP.

Therefore, j f(z)dx = 0; thus the fact that f is Riemann integrable on (0, 1] shows that
Ja

J f(z)dx = 0.
(0,1]



3. First we note that the fact that f is Riemann integrable on A implies that f is bounded on A.
Therefore, f* is bounded on A. Moreover, the Lebesgue Theorem implies that the collection
D of discontinuities of TA has measure zero. Since FA = (TA)]C, we find that the collection of
discontinuities of FA is exactly D; thus has measure zero. The Lebesgue Theorem then implies
that f* is Riemann integrable on A. =
Problem 3. Suppose that f : [a,b] — R is Riemann integrable, and the set {z € [a,b]| f(z) # 0}
b
has measure zero. Show that f f(z)dx =0.

Proof. First we note that for each [c,d] € [a,b], then there exists x € [¢,d] such that f(z) = 0 for
otherwise f(z) # 0 for all x € [¢,d] so that

d) = {z € a,b]| f(z) # 0}

and this implies that [c,d] is a set of measure zero, a contradiction to Corollary 6.25 in the lecture
note. Therefore, L(|f],P) = 0 for all partitions P of [a, b] which shows that f f(z)dxz = 0. Since f

is Riemann integrable on [a, b], we conclude that f f(z)dz =0. o

Problem 4. Find an example that

JAf(:v)dx+JAg(x)dx<J(f+g J (f +9)(x) dx < J fla dg;JrL () da .

Solution. Let f,g:]0,2] — R be defined by

f<x>:{1 e 2 g = e 00

0 otherwise, 0 otherwise.

Then for A = [0, 2],
Jf J g(x)de =0, Lf()dx—Z and ng(a;)dle
Moreover,
1 ifzef0,1]u(Qn[1,2),
(f +9)(x) = { 0 otherwise.
so that

f(f+g)<x)dx=1 and f<f+g><x>dx:2.
JA A

Therefore, f and g satisfy the desired inequality.
Another example is given as follows: let f, g :[0,1] — R be defined by

1 ifzeQn]|0,1],
0 ifzeQ"n]0,1],

0 ifxeQnl0,1],

f(x):{ 2 ifreQ n[0,1],

and  g(z) = {

Then
1 ifzeQn]|0,1],

(f+9)(37):{ 2 ifreQ n0,1],



so that we have fx)de = f g(x)de = 0, J flz)dx = f (f + g9)(x)dz = 1, and
J[0,1] J[0,1] [0,1] J[0,1]

fm’”g(m) de = J (f +9)(x)dx = 2. o

[0,1]

Problem 5. Let A < R” be a bounded set, and f : A — R be a bounded function. Show that if f

is Riemann integrable on A, then |f| is also Riemann integrable on A.

Proof. Method 1: Since f is Riemnn integrable on A, the Lebesgue Theorem implies that the
collection of discontinuities of TA has measure zero. Note that if 7A is continuous at a € A,
then mA is also continuous at a since WA = ’?A‘ Therefore, the collection of discontinuities of
mA is a subset of a measure zero set, the collection of discontinuities of TA; thus the collection
of discontinuities of mA has measure zero. The Lebesgue Theorem then shows that |f] is

Riemann integrable on A.

Method 2: Let € > 0 be given. Since f is Riemann integrable on A, by Riemann’s condition there
exists a partition P of A such that

Note that for each A € P,

sup |17 (@)] = inf [ (@)] < sup " (x) — inf " ()

thus

U(1,P) = LUSLP) = Y (sup[F@)] - inf [T (@) )w(a)

Aep €A
< 3 (sup @) =l 7)) (&) = U(F.P) ~ L(JP) < <.
Aep €

By Riemann’s condition, we conclude that |f| is Riemann integrable on A. D



