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Problem 1. Let f € €(T) and {fk},’f:_oo be the Fourier coefficients defined by fj, = 2i j f(x)e ™ dz.
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Show that if > | fk| < o0, then the Fourier series of f converges uniformly to f on R.
k=—00
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Proof. Let My = |fy| and Y, |fi| = M. Then |s,(f,z)| < M for all n € N and z € R. Moreover,
k=—00

ee}
|fue®™| < My VYzeR  and > My=M<o.
k=—00
Therefore, the Weierstrass M-test implies that the Fourier series converges uniformly on R. Suppose
that the Fourier series converges uniformly to g. Then ! g(x)‘ < M for all x € R; thus Problem 9
in Exercise 4 implies that the Cesaro mean of {sy(f, )}, converges uniformly to g on R. Since

f € €(T), the Cesaro mean of the Fourier series of f converges uniformly to f on R; thus f =g¢. o

Problem 2. Compute the Fourier series of the function f : (—7,7) — R defined by

0 —rT<x<0,
-]

T—zr 0<z<m,

and show that
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Also use the Fourier series of the function y = 22

2 0 -1 k
s(a?,x) = U —1—42 ( kQ) cos kx
3 k=1

to conclude (@)

Solution. We compute the Fourier coefficients as follows. For k € N,

w=n 1 [T 1
- EJ cos(kx) dac] =7

—(m — x) cos(kx)

Sk = ! JW(W — z)sin(kz) de = 1 [

T Jo T k z=0 0
and
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. — %L (r — ) cos(kz) di = ! [(w x)ksm(krw) B + EL sin(kx) dx}
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Therefore, by the fact that lim f(z) =0 and lim f(z) =

z—0~ z—07t
0 if —mr<2z<0,
T ol —(—1DF 1 :
Z+Z<Tcos(kx)+gsin(kx)>: T—z f0<z<w
k=1 T .
— ifz=0.
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We note that the case x = 0 implies that
T 1—(=1)*
2 4 4 k2
which shows the identity
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We also note that the identity above can be obtained by

B w1 1o 1
Zk2_2 e —me;@
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so that
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Problem 3. The proof of Theorem 8.25 in the lecture note only establishes the validity of the

theorem for the case L = m. Use this fact to show that the conclusion also holds for general L > 0.

Proof. Suppose that the theorem holds for the case L = m. Let f : R — R be 2L-periodic piecewise
Holder continuous with exponent a € (0,1]. Define g : R — R by g(x) = f(E) (or equivalently,
Y

flz) = g(%)) Then ¢ is 2m-periodic piecewise Holder continuous exponent « € (0, 1], and

L
sa(g.0) =su(f, ) and su(fi0) = su(g, )
Therefore, by the fact that lim h(cz) = l(im)+ h(z) if ¢ > 0,
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1

T (. 70) = Jim s, (9, 77%) = 5| i olw)+ N 9(v)|
2[ lim g( )—I— hm g( )} 2[ lim f(x) + lim_f(x)}
mHZ :v%:v T
. f(mo)+f($o) '
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Moreover, if xy is a jump discontinuity of f, then % is a jump discontinuity of g so that

Ly .. T Lyy .. Ly T

lim s, (f, 0+ =) = lim s, (g, 7 (w0 + =) = lim s, (g, — + )
= lim g(y)+ c[ lim g¢(y)— lim g(y ]
y— () + v) y— (T * ) —(T)- (v)

= lim g( )+c[ lim g( )— lim_g(%x)] = f(zg) +ca.
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Similarly, T}EIOIO Sn (f, o + E) = f(zy) — ca. o

Problem 4. For a given function f : [0, L] — R, the even extension of f is a function f : [~L, L] — R
such that

f(z) = f(z)if xe[0,L) and f(z) = f(—x)if x € [-L,0).

1. Let f:[0,L] — R be an integrable function. The cosine series of f is the Fourier series of the

even extension of f. Find the cosine series of f.
2. Suppose in addition f : [0, L] — R is piecewise Holder continuous with exponent « € (0, 1].

flzg) + flwg)

Show that the cosine series of f at zq € (0, L) converges to 5

Proof. 1. Let f be the even extension of f, and {c;}¥,, {sx}>, be the Fourier coefficients of f.
Then by the fact that f is even, s, = 0 for all k € N. Moreover,

kmx

_%JL f(z) cos—da:— Jf cos—d:c—i— J f(— cos—da:
L (—x
:lf f(x)cosdex—i-zL f(x)cosk (== )d(—x)

L
k
J f(z) cos —ﬂx dz .

Therefore, the cosine series of f is

:%LL]‘(Q:) %i Jf COS—dg)COSkLLx

2. If f is piecewise Holder continuous with exponent a € (0,1], then the odd extension f of f is

also piecewise Holder continuous with exponent « € (0, 1]; thus

s(F, o) = f(xo);f(xo) :f@o)‘;‘f(mo)

Flag) + flag)
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which shows that the cosine series of f at zg € (0, L) converges to D

Problem 5. For a given function f : [0, L] — R, the odd extension of f is a function f : [-L, L] — R
such that

f(z) = f(x)ifxe[0,L) and f(z) =—f(—w)if x € [-L,0).

1. Let f :[0,L] — R be an integrable function. The sine series of f is the Fourier series of the

odd extension of f. Find the sine series of f.

2. Suppose in addition f : [0,L] — R is piecewise Holder continuous with exponent « € (0, 1].

Jad) + flag)

Show that the sine series of f at xy € (0, L) converges to 5



Proof. 1. Let f be the odd extension of f, and {c}?, {sk};2, be the Fourier coefficients of f. Then
by the fact that f is odd, ¢, = 0 for all k€ N U {0}. Moreover,

L

—lJ_Lf( smlm—xda:— Jf sm@d:ﬂ—%ﬁ:f( x)smlmeda:
L

:lf f(z sinlm—xdx——f f(z sinlm )d( x)

k
J f(z smﬂdx

Therefore, the sine series of f is

2. If f is piecewise Holder continuous with exponent a € (0,1], then the odd extension f of f is

also piecewise Holder continuous with exponent « € (0, 1]; thus

o7 ) = ) o) _ St + S

Flag) + £ ) i

which shows that the sine series of f at z( € (0, L) converges to 5

Problem 6. Let f be the sinc function defined by

sin x

ifx#0,
fl)=49 =
1 ifx=0.
Show that
by |
flz)=— +Zb cos(nx) , Ve |-m ],
(n+1)m o 0 o3
where b,, = 1J ST 72 . Use this result to compute j iy
(n=1)r T 0 x

Proof. Since f is an even function, the Fourier coefficients {s;}{, is the zero sequence; that is,

sn(fix) = — —i— Z ¢ coskx

k=1

where

™ i ™ T

sin(k + 1) f’r sin(k — 1)z 1 J(kﬂ)’r siny k=17 gin g
d;v - — da:] = — [ dy — Y
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f Smxcoslmdx_ lf 2sin x cos kx dx:lf sin(k + 1)z —sin(k — 1)z e
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Trcosx — sinx

Since f'(z) = — and 1ir% f'(z) = 0, we find that f’ is bounded; thus f is Lipschitz
continuous. Therefore, the Fourier series of f converges uniformly to f on T; thus
b 0
f(:c):EO—i—Zbkcoskx VreR
k=1

and the convergence is uniform. In particular, at x =0 and z = 7,

1=@+ib and 0=@+i(—1)kb
2 Tt 2 e

k=1

Therefore,

1 > 1 & (D7 gip o 1 (®sinzx
—ZZkaHZ—ZJ dxz—f
2 = T = Jokn T T

T sinx T

d:v:2

which shows that j
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