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Problem 1. Determine the discrete Fourier transform of the sequence (1,0,0,—1). Check the inver-

sion formula.

Solution. For N = 4, wy = exp ( — %) = exp ( — ﬂ = —i. Then
1 1 1 1 1 1
Py — 1 wy w]QV wi| |1 i
1 wi wy % |1 —1
1wl Wl Wy 1 —i
Therefore, the DFT X of the given sequence = [1,0,0, —1]" is
1 1 1
1 - 1 0 1 —1
X = FNIIJ = 1 0 = m]
1 z' 1 + i
Problem 2. Determine the discrete Fourier transform of the N-periodic sequence x,, = sin %T,
n=0,-,N—1.
Problem 3. Give a version of the Parseval identity for discrete Fourier transform.
Solution. For a fixed N € N, define
[ 1 1 1 e 1 |
_2mi ami _2m(N-1)i
1 e~ N e~ N -eeoe N
N — \/N N — \/N . ’
_2m(N—1)i _ 4m(N—1)i 7277(;\1—1)27,'
| 1 e ~N e N ... e N ]
that is, the (k, ¢)-entry of Fy is wj(\]f DD Then by the fact that Fyt = %Fjﬁ,, we find that
Pyl = (LFN)‘1 _ NF' = VNaFt = ——Fp = (LFN)* —F
N \/N N N N \/N N \/N N
Therefore, Fy is unitary so for any vectors & € CV, we have | Fya|, = ||s. Therefore, if € CV

and X is the DFT of @, then
| X5 = |Fna|3 = |VNFya|; = N|Fye|; = N3
which gives the Parseval identity
N—1 N-1
DUIX =N Dl
k=0 k=0

for the discrete Fourier transform. o



Problem 4. Let z(n) be N-periodic, and

2(n) = 1 ifo<n<k—1,
1 0 ifk<n< N-1.

Compute the discrete Fourier transform. Using the Parseval identity, compute the sum

N-14 2mnk

2 1 — cos v
2mn °

= 1 — cos N

Problem 5. Find the Fourier transform of the following functions.
1. f:R — R given by f(z) = ze " for t > 0.
2. f:R — R given by f(x) = X(—a) (), the characteristic (indicator) function of the set (—a, a).

. e if x>0,
3. f:R— R given by f(z) = 0 ifr<0 where t > 0.

Problem 6. Compute the Fourier transform of the following functions.
(a) ¥ =ax-1,y(2);
(b) y = sinxx[—rq(®);
(c) y=e"H(x);

(d) y = el cos a;

1
V=T
) y= m?

1
(2) y= m

Here, H is the Heaviside function (that is, H(z) = 1,5)()) and x[q)(2) is the characteristic function
of [a, b]; that is, x[u5(x) = 1 for z € [a, b] and 0 else.

~

Problem 7. Suppose that the Fourier transform of a Schwartz function f € .(R) is f(£). Find the

Fourier transform of the function y = f(2x + 1) cos x.
Solution. By the Euler identity, A A
eZiU + e—zac
cosx = ——
Therefore,

eim e—ia: )
eere e dx

f f(2x + 1) cos ze™ ™ do = f f(2z+1)
R R
1 . '
= — (J f(2£L‘ + 1)6—196(5—1) dx + J f(2.’L' + 1)e—zx(f+1) dib‘)
2\ Jr "
1 St—1 St—
= Z(J f(t)esz(Sfl) dt+J f(t)eszl(gﬂ) dt>
R R
1/ e e , e
= —(6162f f(t)e—zt% dtJrez%lJ f(t)e—zt% dt>
4 R =



which shows that the Fourier of y = f(2z + 1) cosz is %[ei%ﬂ& g 1) + ei%lf(g;l)]

Problem 8. Let o > 0 be given. Show that the Fourier transform of the function

* o2
flz) === J t* e tem v dt, reR",
is positive.

Proof. For ¢ € R", define g(x,t) = pole—te— 5 gt By the Tonelli Theorem,

* o2 * o2
f |g(z, )| d(z, t) :J J t* e te™ v dtdw :f t“_le_t<f et dx)dt
R x (0,50) r Jo 0 R
0 0
— f o et/ mt " dt = \/%”J prto—lo=t gy — \/E”r(g ta-1)<wo.
0

0

The computation above also shows that f € L'(R™). Therefore, the Fubini Theorem implies that

~

I'(a) f(§) = ﬁ J ) <f000 to‘letexfdt> e ey
0

1 =2 . 1 22 .
= —— to‘*le*te*Te*mng dr = tafle*t(— e*Te*Zz'édaO dt
\/QWan<f 0 \/271'” n
w0 o2 @ t" 2
= J e T lem () dt = f tote ! 5 e ar > 0.
0 0

The positivity of f then follows from the fact that I'(«a) > 0.



