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Problem 1. Determine the discrete Fourier transform of the sequence (1, 0, 0,−1). Check the inver-
sion formula.

Solution. For N = 4, ωN ” exp
(

´
2πi

N

)
= exp

(
´

πi

2

)
= ´i. Then

FN =


1 1 1 1
1 ωN ω2

N ω3
N

1 ω2
N ω4

N ω6
N

1 ω3
N ω6

N ω9
N

 =


1 1 1 1
1 ´i ´1 i
1 ´1 1 ´1
1 i ´1 ´i

 .

Therefore, the DFT X of the given sequence x = [1, 0, 0,´1]T is

X = FNx =


1 1 1 1
1 ´i ´1 i
1 ´1 1 ´1
1 i ´1 ´i




1
0
0

´1

 =


0

1 ´ i
2

1 + i

 . ˝

Problem 2. Determine the discrete Fourier transform of the N -periodic sequence xn = sin nπ

N
,

n = 0, ¨ ¨ ¨ , N−1.

Problem 3. Give a version of the Parseval identity for discrete Fourier transform.

Solution. For a fixed N P N, define

rFN =
1

?
N
FN =

1
?
N


1 1 1 ¨ ¨ ¨ 1

1 e´ 2πi
N e´ 4πi

N ¨ ¨ ¨ e´
2π(N´1)i

N

1 e´ 4πi
N e´ 8πi

N ¨ ¨ ¨ e´
4π(N´1)i

N

... . . . ...
1 e´

2π(N´1)i
N e´

4π(N´1)i
N ¨ ¨ ¨ e´

2π(N´1)2i
N

 ;

that is, the (k, ℓ)-entry of rFN is ω
(k´1)(ℓ´1)
N . Then by the fact that F´1

N =
1

N
F ˚
N , we find that

rF´1
N =

( 1
?
N
FN

)´1
=

?
NF´1

N =
?
N

1

N
F ˚
N =

1
?
N
F ˚
N =

( 1
?
N
FN

)˚
= rF ˚

N .

Therefore, rFN is unitary so for any vectors x P CN , we have } rFNx}2 = }x}2. Therefore, if x P CN

and X is the DFT of x, then

}X}22 = }FNx}22 = }
?
N rFNx}22 = N} rFNx}22 = N}x}22

which gives the Parseval identity
N´1
ÿ

k=0

|Xk|2 = N
N´1
ÿ

k=0

|xk|2

for the discrete Fourier transform. ˝



Problem 4. Let x(n) be N -periodic, and

x(n) =

"

1 if 0 ď n ď k−1 ,
0 if k ď n ď N−1 .

Compute the discrete Fourier transform. Using the Parseval identity, compute the sum
N´1
ÿ

n=1

1 ´ cos 2πnk
N

1 ´ cos 2πn
N

.

Problem 5. Find the Fourier transform of the following functions.

1. f : R Ñ R given by f(x) = xe´tx2 for t ą 0.

2. f : R Ñ R given by f(x) = χ(´a,a)(x), the characteristic (indicator) function of the set (´a, a).

3. f : R Ñ R given by f(x) =

"

e´tx if x ą 0 ,

0 if x ď 0 ,
where t ą 0.

Problem 6. Compute the Fourier transform of the following functions.

(a) y = xχ[−1,1](x);

(b) y = sinxχ[−π,π](x);

(c) y = e−xH(x);

(d) y = e−|x| cosx;

(e) y =
1

x2 + 6x+ 13
;

(f) y =
x

(x2 + 1)2
;

(g) y =
1

(x2 + 1)2
.

Here, H is the Heaviside function (that is, H(x) = 1[1,8)(x)) and χ[a,b](x) is the characteristic function
of [a, b]; that is, χ[a,b](x) = 1 for x P [a, b] and 0 else.

Problem 7. Suppose that the Fourier transform of a Schwartz function f P S (R) is pf(ξ). Find the
Fourier transform of the function y = f(2x+ 1) cosx.

Solution. By the Euler identity,

cosx =
eix + e´ix

2
.

Therefore,
ż

R
f(2x+ 1) cosxe´ixξ dx =

ż

R
f(2x+ 1)

eix + e´ix

2
e´ixξ dx

=
1

2

( ż

R
f(2x+ 1)e´ix(ξ´1) dx+

ż

R
f(2x+ 1)e´ix(ξ+1) dx

)
=

1

4

( ż

R
f(t)e´i t´1

2
(ξ´1) dt+

ż

R
f(t)e´i t´1

2
(ξ+1) dt

)
=

1

4

(
ei

ξ´1
2

ż

R
f(t)e´it ξ´1

2 dt+ ei
ξ+1
2

ż

R
f(t)e´it ξ+1

2 dt
)



which shows that the Fourier of y = f(2x+ 1) cosx is 1

4

[
ei

ξ´1
2 pf

(ξ ´ 1

2

)
+ ei

ξ+1
2 pf

(ξ + 1

2

)]
. ˝

Problem 8. Let α ą 0 be given. Show that the Fourier transform of the function

f(x) =
1

Γ(α)

ż 8

0

tα´1e´te´
|x|2

t dt , x P Rn ,

is positive.

Proof. For ξ P Rn, define g(x, t) = tα´1e´te´
|x|2

t eix¨ξ. By the Tonelli Theorem,
ż

Rnˆ(0,8)

ˇ

ˇg(x, t)
ˇ

ˇ d(x, t) =

ż

R

ż 8

0

tα´1e´te´
|x|2

t dtdx =

ż 8

0

tα´1e´t
( ż

R
e´

|x|2

t dx
)
dt

=

ż 8

0

tα´1e´t
?
πt

n
dt =

?
π

n
ż 8

0

t
n
2
+α´1e´t dt =

?
π

n
Γ(

n

2
+ α ´ 1) ă 8 .

The computation above also shows that f P L1(Rn). Therefore, the Fubini Theorem implies that

Γ(α) pf(ξ) =
1

?
2π

n

ż

Rn

( ż 8

0

tα´1e´te´
|x|2

t dt
)
e´ix¨ξdx

=
1

?
2π

n

ż

Rn

( ż 8

0

tα´1e´te´
|x|2

t e´ix¨ξdt
)
dx =

ż 8

0

tα´1e´t
( 1

?
2π

n

ż

Rn

e´
|x|2

t e´ix¨ξdx
)
dt

=

ż 8

0

tα´1e´tFx[e
´

|x|2

t ](ξ) dt =

ż 8

0

tα´1e´t

c

t

2

n

e´4t|ξ|2 dt ą 0 .

The positivity of pf then follows from the fact that Γ(α) ą 0. ˝


