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Problem 1. Show that the Fourier transform of a Schwartz function is also a Schwartz function.

Proof. Let f e (R"), N € Nu{0} be a given non-negative integer, and o« = (aq, - -+ , a,) be a given

multi-index. The goal is to show that there exists a constant C' = Cy , such that
€YD f(E)] < Ona  VEER™.
Note that |E|Y < 1+ [€]*N for all £ € R™; thus it suffices to show that there exists Cy, such that

(1+ €PN Df(€)| < One  VEER™.

Using the notation z® = 27" x5? - - - 2% for multi-index, by Corollary 9.10 and 9.12 in the lecture note
we find that
(1+ P[P ()] = (L + )| [ 1 ()] | = |2 [+ 20V [ F@)]] €))
no9r ot o2 0 o
where A, = IEI Py = 327 + pr + ot s By Lipschitz rule, we find that
(14 2)"] = 3] Prasle) Do)

|8]=0
for some polynomials Ps. For each multi-index 3, by the fact that D°f € .#(R"), PsD? f € /(R");

thus Proposition 9.4 and Lemma 9.8 imply that for each multi-index 3 there exists Cy g such that
[ [Pa@)D? f(@)] ()] < Cnap  VECR.
Therefore, for all £ € R,

2N 2N
YD f@)] < D [Z[Pa@D*F@)] ()] < Y] Cxes = O -
|B81=0 |8|=0

N 2
Problem 2. Suppose that f : R — C is continuous, absolutely integrable, and f(§) = ln(lgf)
0
Find f(0) and J f(x)dx
—00

Solution. By the Fourier inversion formula,
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Moreover, by the definition and the property of the Fourier transform,

fo f(x)dx—%ii%\/%f({)—\/ﬂlimw—m. .
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Problem 3. 1. Let f : R — C be a continuous integrable function such that f is also integrable.

Show that .
flo) = o j ( fRﬂy)cos[(x—y)ady) & VreR.

2. If in addition to condition in 1, f is an even function. Show that
2 ¢ 0] 0 ¢]
Fla) == | (] o) costae) costue) dy) de.
0 0
3. If in addition to condition in 1, f is an odd function. Show that

ra) =2 [ ([ rwsinGee)sin(ue) ay) de.

Q0
4. For a function g : [0,0) — C satisfying f |g(x)| dz < o0, the Fourier cosine transform and the
0

Fourier sine transform of g, denoted by F.s[g] and Fn[g] respectively, are functions defined

by
\f f Jeos(y€)dy and  Flg \f J ) sin(yé) d

(a) Show that if Z..s[g] € L*(R), then

9(2) = Foos[Feoslg]] (z) whenever z € [0,00) and ¢ is continuous at x,

or equivalently,

o) = 2[ ([ ot con(u) ) cosag)

o “Jo
whenever x € [0,0) and ¢ is continuous at .

(b) Show that if F,lg] € L'(R), then

9(2) = P [ Fanld]] (z) whenever z € [0,00) and ¢ is continuous at z,

or equivalently, S
ow) == [ (] oto)sinte) dy) sinfa)ag

0 0
whenever z € (0,00) and ¢ is continuous at x.

Hint of 4: Consider the even or odd extension of g, and apply conclusions in 2 and 3.

Proof. 1. Let f be a continuous integrable function such that f is also integrable. Then f is also

integrable; thus the Fourier inversion formula implies that

o) = Fla) = o | ([ e dy)ecae =5 [ (| =< ay) ag

and

o) = Fla) = o | ([ s an)escae = o= [ (| reeeay) ae



whenever f is continuous at x. Therefore, if f is continuous at x, then

j (| reneesay)a+ o | (| reeeay) ag

pilz—u)¢ +€—z<x v
(J 1w dy) de

:_ﬂ i JRfy cOS x—y)ﬁ]dy)df-

We note that by the sum and difference of angles identities, the identity above implies that

70) = 5 | (], 70 [cos(ag) cos(ye) + sina) sin(ue)] dy) e 0.1

2. If f is an even function, then f f(y)sin(z€) sin(yé) dy = 0; thus (@) shows that if f is
R

continuous at z,

) = 5o [ ([ £ costag) costueyay) d = - [ (2 [ o) costu) ) costo) .

Note that the inner integral is an even function of £, so

)= o [ (2] ) costue) ) costagy ds =2 [ ( [ 1) coste) ) costa) e

3. If f is an odd function, then f f(y) cos(x) cos(y€) dy = 0; thus (@) shows that if f is
R

continuous at ,

)= 5 [ ([ st sintag)sntue) ) de = 5 [ (2] ssin(ue) ay) sngee) de.

Note that the inner integral is an odd function of £, so
f@) =5 | (2] rosinte an) sintag)de == | (|50 sin(u) dy) sin(oe) de.

4. Suppose that ¢ : [0,00) — C is integrable.

(a) Let f:R — C be defined by

glx) ifx>0,
flz) = { —g(—z) ifz <0,
0 ite=0.

Then f is an odd function and is integrable on R. Moreover,

F&) = == | sty = —= | 700 [costug) = isin(ue)] d
= | reostue)dy - z—f () sin(u€) dy



By the definition of f,

fR F(y) cos(y) dy = OO P contu)dy+ [ 1) costye) dy
[ stweostvern [ at-wcostyaiay
:J:Og@cos(ys)dy [ sty cost-vg) (=) = 0
and
| rwsinerdn = | swsmerdy+ [ r)sinoe) dy
~ [ stwsineray — [ g-)sintyziay
_ Ooog<y>sm<y5>dy— | st sin-p) d(—y)

I
N

jo " g(y) sin(ye) dy = V27 Fnlg](€):

thus f = —i.Fuulg] which implies that f € L'(R). On the other hand, f(¢) = f(—¢) =

i-Z4in|g](€); thus the Fourier inversion formula implies that

A~

ﬁsin [gsm[g” (l‘) = _if/\sin [Zﬁsm[gu (IL‘) = f(l’) = f(l')
whenever f is continuous at z. In particular, if z € (0,00) and ¢ is continuous at z, then

f is continuous at x and f(z) = g(x) which imply that

Fain [fsin [gH () = g(z) whenever x € (0,20) and ¢ is continuous at . O

Problem 4. A vector-valued function u = (uy,us, -+ ,u,) : R* — R™ is called a Schwartz function,
still denoted by u e .Z(R"), if u; € y(R") for all 1 < 5 <n. Show the Korn inequality

- du; |2 n
uZ=1 HE” HL2 R™) Z H L2(R™) vue f(R ) ’
1 8uz~ 5Uj . .
where €;;(u) = 5( 7z, + ch"i) is the symmetric part of Du.

Hint: Use the Plancherel formula.
Proof. By the Plancherel formula,

HEij (u)Hiﬁ(Rn = Z J glgluj 5) + §J§]u1<€>al( ) + gjgzaz@)aj( ) + +£J£zaz(§>aj (5)](15

z]l

- 2 emors + 5 Zf €I + €O + 26RO TE]de

1#]

Zf /0,6 e + Zj [2[a,6)) + a6 — Elae)? — 1a,(6) ] de
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ZJ &ln, () de = 218“1

Problem 5. Let ¢ : R — R be a smooth function with compact support; that is, {:c e R" ‘ o(z) # O}
is bounded. Show that if f e LL _(R"), then the convolution ¢* f is smooth and

L2(Rn)

loc

D*(o% (@) = [(D°0)% £](z) = | (D0~ ) (w)dy,

where a = (o, - -+, @) be a multi-index.
Note that the standard mollifiers {1.}.~¢ are one of such kind of functions, so this problem shows
that n.* f is smooth if f e L] (R").

Proof. By Theorem 5.40 in the lecture note, it suffices to show that
0

| =y fydy =] ¢u(r—y)fly)dy VreR" (0.2)
i Jrn Rn

and the right-hand side is a continuous function (in x). The continuity of the right-hand side function

follows directly from the Dominated Convergence Theorem: If {x)}{ , is a sequence with limit x

(W.L.O.G. we can assume that |z, — x| < 1 for all k € N) and ¢ is supported inside B(0, R); that is,

{zeR"|¢(z) # 0} = B(0, R), then the fact that

0o, (@1 — ) f ()| < Mg, gipeinlf(y)]  whenever yeR"

and the right-hand side functions is integrable on R", the Dominated Convergence Theorem implies
that

lim d)zj( —y)fy)dy = J M oy (x5 — y) f(y) dy = . ba,(x —y) fy) dy

k—o0 n

which shows that the right-hand side function in (@) is continuous (in x).
Let € R" be given, and {hy};2; be a non-zero sequence converging to 0. W.L.O.G., we assume
that |hy| < 1 for all k£ € N. Define

P(x + hre; —y) — oz —y)

gr(y) = h fy).
k
By the fact that ¢ has compact support, M = sup ’gbxj(z)} < o0. By the mean value theorem,
zeR™
x4+ hye; —y) — ¢z —
‘gb( k©j hy> ¢( y)‘ < MIB(%RH)(y)
k
so that
9k (y)| < Mg reny(y)|f ()] VyeR"and ke N,

where again R > 0 is chosen so that ¢ is supported in B(0, R). Since f € LL _(R"), the function
on the right-hand side of the inequality above is an integrable function. Therefore, the Dominated
Convergence Theorem implies that

lim gr(y) dy = J klim ge(y) dy = ¢z, (x —y) f(y) dy
R™ R R™

k—o0 n k—

which shows (@) : D



Problem 6. 1. Let d, denote the dilation operator defined by d, f(x) = f (;) Show that
F(df) = r"dip F(f)  Vfe SR, (0.3

2. In some occasions (especially in engineering applications), the Fourier transform and inverse
Fourier transform of a (Schwartz) function f are defined by
f&) = flx)e ™™z and  flx)=] [f(E)e*™4dE.
Rn R
Show that under this definition, f = f = f for all f e #(R™). Note that you can use the

Fourier Inversion Formula that we derive in class.

Proof. Let .% denote the Fourier transform operator that we used in class, and =~ be the Fourier

transform operator in this problem.

1. Let d, denote the dilation operator define by (d,f)(xz) = f(rz). By the change of variables

formula,

F(d.f)(€) = \ﬁ fndf *wfda:_\ﬁ f'r x)e ¢ dy

1 iU g r" —ig(r
o | Sy =T [ ey
— 1 F()(r) = " [ F ()]
so that (@) is established.
2. Replacing f by dy,, f in (@) implies that
ﬂ(f):ﬁ(drd%f) :r”d%ﬂ(d%f) VfesR). (o)
Similarly, #*(d, f) = r"d..#*(f) so that
FH(f)y=r" d1.7 (d f) VfeS(R"). (00)
Note that
f&) = | flaye=tde = Var " F(f)(2ng) = Var"[d Z(1](©)
1 n I
= = )[4 PN = P (O
and
- ~ 1 1
f&) =f(=¢) = " F (dor f) (=) = Ners T (dor [)(S) -
Therefore, (¢) implies that
X o, Ny Lo 1
(€) = o= 7o)€ = o7 (mmon T (o) ) €)

= F*((2m) "don T (darn ) (€) = F(F F)(E) = [(E).
Similarly, (¢¢) implies that

~
~

F&) = F((2m) " don T ¥ (dor [)) (§) = F(F*[)(E) = f(&). 2



