Exercise Problem Sets 14

May. 19. 2023

In the following problems, H denotes the Heaviside function defined by

0 ifz<0,
1 ifx>0.

H(z) = 1.0 (2) = {

Problem 1. 1. Let a > 0 be a constant. Find the Fourier transform of the function f(z) =
e “H(x).

2. Find the Fourier transform of the functions g(z) = ot by

2 - 3iz — 22
(a) Rewriting g as the sum of two fractions and apply the result in part 1.

(b) Convolution.

. . . 1—2? if 2| <1,
Problem 2. Find the Fourier transform of the function f(z) = 0 i 2] > 1 and hence
if |[x] > 1,
evaluate o .
rcosr —sinx
J ——3 ——cosdx.
0 x
' . ' a—|z| if|z| <a,
Problem 3. Find the Fourier transform of the function f(z) = 0 £ |1 and hence
if |[x| > a,
prove that
* sin? T
f 5 de = —
0 T
‘ B 1—) ifo<a<1,
Problem 4. Solve the integral equation J f(z)cos(Az)dx = _ Hence de-
) 0 0 ifA>1.
w .
duce that f st ! dt =Z.
o t 2
Problem 5. 1. Let a > 0. Compute the Fourier transform of the function
e~ ifxr>=0,
Jale) = { —e itr <0.
2. Show that lim Fal€) = $g0(€); that is,
a—0
lim (fo &) = (E(E),0) Vo SR,
where sgn is the sign function given by
1 ifx>0,
sgn(z) =< —1 ifz<0, (0.1)
0 ifz=0.

3. Find the Fourier transform of the Heaviside function H using H = %(1 + sgn).



4. Use the Fourier transform of sgn to compute the Fourier transform of the following functions:

1

(a) fi(t) = 3 (b) fa(t) = [t].

Use (a) and (b) to compute the Fourier transform of
1 2

(c) fs(t) = a2 (d) fa(t) = )

Problem 6. In this problem we discuss the derivative of tempered distributions. Complete the

following.

1. Show that
<af >——<f > VfgeS(R).
This leads to the definition of the derivatives of tempered distributions: Let 7" € . (R™)" be a
tempered distribution. The partial derivative of 7" w.r.t. x;, denoted by 53;;, is a tempered

distribution defined by

< ¢>——<Ta¢> Ve .7 (R").

. or . . R . .
Verify that 3, 18 indeed a tempered distribution; that is, show that there exists a sequence
Zj

{C)}{, such that

l<§f>¢>‘ < Crpr(9) Voe S(R") and k> 1.
J

2. Show that for 1 < j < n,

7.1 =i Fe)  and A€ = —iF LT @)E)

x
al'j &‘a:j

or to be more precise,

gl’z;’ ¢> - <f(§),¢§j¢(§)> Ve S (RY)

and
ag 0(€) ) = (T(x), ~izd(x))  Voe F(R").

In other words, the Fourier transform of derivatives of tempered distributions still obeys Lemma
9.9 and 9.11 in the lecture note.

Problem 7. Let sgn : R — R be the sign function given by (@) Then clearly sgn is a tempered

distribution since

[(sgn, &) < 6]y < Tp2(¢) Vo e S (R).

Show that disgn( ) = 26 in (R)’, where the derivative of tempered distributions is defined in
Problem a and ¢ is the Dirac delta function.



Problem 8. Compute the Fourier transform of the function f : R" — R given by f(x) = |z|*, where

—n < a < 0, by the following procedure.

1. Show that f ¢ L'(R").

Q0
2. Recall that the Gamma function I' : (0,00) — R defined by I'(z) = j t*"le~tdt. Show that
0

1 © a 2
|z = I Q)J sT2 e ds  Va£0.
—2/Jo

3. Find that Fourier transform of f.

4. Find the Fourier transform of the function ¢g : R® — R given by g(z) = z4|x|*, where x; is the

first component of x and —n — 2 < a < —2.

Hint: 3. Compute {|z|%, (E(:c)> by applying Fubini’s Theorem several times.
0

a+20m

Fourier transform of derivatives of tempered distributions.

4. Note that g(z) = |z|*™2 so that you can apply the results above. See Problem B for the

Problem 9. Let f € L!'(R). Show that the function y = f f(t) dt can be written as the convolution
-0
of f and a function ¢ € L] (R).

loc

Problem 10. In this problem we use symbolic computation to find the Fourier transform of the

function
sin(wz)

ifx#0,

flx) =

w ifr=0,

without knowing that it is the Fourier transform of the function y = \/gl[—w,w] (x). Complete the

following.

1. Note that f ¢ L'(R) but f € #(R"). Therefore, fe Z(R). Find the derivative of F, where

the derivatives of tempered distributions is given in Problem B

2. Suppose that you can use the Fundamental Theorem of Calculus so that

~ ~ N
7€) - flo) = f eyt

Csin x

Note that in previous exercise you are asked to show that J

de = T, Use this fact and
0 X 2

~

treat di, as the evaluation operation at +w to find f(§) (for & # tw).

\V2r

Hint: 1. Recall that we have shown that %, [sin(wx)](§) = oF

(0 — 0_w).




Problem 11. Let w be a positive real number, and f : R® — R be defined by

sin(w|z|) it 0
f(z) = =] ’
w ifx=0,

where |z| = /a3 + 23 4+ 23 if * = (21, 22,23). In this problem we are concerned with the Fourier
transform of f. Complete the following.

1. Show that f e .7 (R3).

2. Show that the Fourier transform of f is given by

~ w1
[ :\/j_f pdS
o) 2w Japow)

for all p € .#(R3), where J ¢ dS is the surface integral of ¢ on the sphere 0B(0,w)

0B(0,w)
defined by

T 2T
f pdS = J f ¢(w cos Bsin ¢, w sin O sin ¢, w cos ¢)w? sin ¢ dfd¢ .
dB(0w) 0 Jo

Hint of 2: You can show part 2 through the following procedures:
Step 1: By the definition of the Fourier transform of the tempered distributions,

(Foy =18y = lm :

2V 2773

1@)( = |, el ag) ao

B(0,m)
and the Fubini Theorem implies that

GFoy= i | (], sweei)aerie

We focus on the inner integral first. Show that for each 3 x 3 orthonormal matrix O,

J f(x)efiz-ﬁ dr = J SlH(W|y|) efi(OTéj)-y dy )
B(0,m) B(0,m) Y|

Step 2: For each £ € R?, choose a 3 x 3 orthonormal matrix O such that OT¢ = (0,0,|¢|). Using
the spherical coordinate y = (pcosfsin ¢, psin 0 sin ¢, p cos ¢) to show that

f fla)e = de = f " 2sin(wp) sin((élp) |
BOm) 0 €]

so that we conclude that

lim
m—00 R

( Jm 2sin(wp) sin(€])

" 1
{fre)= Ve ) 5 ©(€) dp>d§~



Step 3: For each r > 0, define ¥ (r) as the surface integral of ¢ on 0 B(0,r); that is,

T 2T
W(r) = f pdS = J f ©(r cos @sin ¢, r sin 0sin ¢, r cos ¢)r? sin ¢ dfd¢ .
2 B(0,r) 0 Jo

Using the spherical coordinate & = (1 cos 0 sin ¢, r sin 0 sin ¢, r cos ¢) to show that

<f 0y = mf J sin(wp) sin(rp) Qwr(r) dr) dp.

Step 4: Apply the conclusion in Problem 3 of Exercise 12.

Problem 12. 1. Show that the function R : R — R given by

x ifxr>=0,

R(z) = {

0 otherwise,

is a tempered distribution.

2. Let T be a generalized function defined by

(T, ¢ = lim A hm f f 9(z) Vée € (R).

e—0t R\[—¢,¢] X e—0T
Show that T' e ./ (R)".

3. Let H be the Heaviside function given by

0 ifx<O,
H(x) = .

1 ifz>0.

Show that H = \/_2%
2

Hint: 3. Let G(z) = exp (—%) For each ¢ € .Z(R), define vy = ¢ — ¢(0)G (which belongs to
< (R)). Use the identity

(H,¢) = (H,{) — p(0)(H,G)

to make the conclusion.

Problem 13. The Hilbert transform of a function f : R — R, denoted by J[f], is a function

defined (formally) by

H1f)(@) = = lim W),

T e—0t

)
ly—z|>e £ — Y

1. Show that J#Z[f] is well-defined if f € ./(R).

~

2. Show that .Z [A[f]](€) = isgn(§) f(§) for all f e 7(R).

3. Show that |A[f]] ) = |flL2) for all f € 7(R), where |g]r2z) = (fR |g(x)‘2da:>§



Hint: Consider the tempered distribution 7" defined in Problem @ by

el e ()%
(T, ¢) = 6l_1>1(§1+ e @ x—6£0+ dx Voe S(R).

1. Show that JZ[f] = (T, Txf> for all f e .Z(R), where 7, is a translation operator.

2. Show that the tempered distribution S defined by (S, ¢) = (T'(z),z¢(x)) is indeed the same

as the tempered distribution
o | dlyde =10,

Use Problem B to show that jgf’(g) = \/gzjgsgn({), where sgn is given in Problem H Use

the fact that Z—Z = 0 if and only if there exists C' such that (T, ¢) = (C, ¢) for all ¢ € /(R) to

ﬂ@:—¢;%ma+c

for some constant C'. Find the constant C' and also show that J#[f] = %T* f= \/Z Txf

conclude that

3. Use the Plancherel formula.



