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Proposition 0.1. Let S be a non-empty set. The following three statements are equivalent:

(a) S is countable;
(b) there exists a surjection f: N — S;

(c) there exists an injection f : S — N.

Proof. “(a) = (b)” First suppose that S = {zy,--- ,x,} is finite. Define f : N — S by
| ow ifk<n,
f(k){ x, ifk=n.
Then f: N — S is a surjection. Now suppose that S is denumerable. Then by definition of

countability, there exists f : NL:»S :
onto

“(a) <= (b)” W.L.O.G. we assume that S is an infinite set. Let k; = 1. Since #(S) = oo,
Sy = S\{f(k1)} # &; thus N; = f~1(S}) is a non-empty subset of N. By the well-ordered
principle (WOP) of N, N; has a smallest element denoted by ky. Since #(S) = o0, Sy =
S\{f(k1), f(ka)} # &; thus Ny = f~1(S,) is a non-empty subset of N and possesses a smallest
element denoted by k3. We continue this process and obtain a set {kj, ko, -} S N, where
ki < ke < ---, and k; is the smallest element of N;_y = f~(S\{f(k1), f(k2), -, f(kj_1)}).

Claim: f : {ky, ks, --} — S is one-to-one and onto.

Proof of claim: The injectivity of f is easy to see since f(k;) ¢ {f(k1), f(ka), -+, f(kj—1)} for
all j > 2. For surjectivity, assume that there is s € S such that s ¢ f({ky, ks, --}). Since
f:N — Sis onto, f71({s}) is a non-empty subset of N; thus possesses a smallest element k.
Since s ¢ f({k1, k2, --}), there exists £ € N such that k, < k < ks1. As a consequence, there
exists k € Ny such that k < ky 1 which contradicts to the fact that k,y; is the smallest element
of N,.

Define g : N — {ky,ko,---} by g(j) = k;. Then g : N — {ky, ks, - -} is one-to-one and onto;
thush:g0f:Ni>S.

onto
“(a) = ()" If S = {xy, -+ ,x,} is finite, we simply let f : S — N be f(z,) =n. Then f is clearly
an injection. If S is denumerable, by definition there exists ¢ : N-=L5 which suggests that

onto
f=g1':S— Nis an injection.

“(a) <= (c¢)” Let f : S — N be an injection. If f is also surjective, then f : S%N which implies
that S is denumerable. Now suppose that f(S) < N. Since S is non-empty, there exists s € S.
Let g : N — S be defined by
f7Hn) ifne f(S),
g(n) = .
s ifné¢ f(S).
Then clearly g : N — S is surjective; thus the equivalence between (a) and (b) implies that S

is countable. o



