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Chapter 2. Sets and Induction

§2.1 Basic Concepts of Set Theory

Definition
Two sets A and B are said to be equal, denoted by A = B, if
(@ x)(x P A ô x P B); that is (A Ď B) ^ (B Ď A). A set B is said
to be a proper subset of a set A, denoted by B Ĺ A, if B Ď A but
A ‰ B.

‚ Proof of A = B:

Two-part proof of A = B
Proof.
(i) Prove that A Ď B (by any method.)
(ii) Prove that B Ď A (by any method).
Therefore, A = B. ˝
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Chapter 2. Sets and Induction

§2.1 Basic Concepts of Set Theory

Theorem
If A and B are sets with no elements, then A = B.

Proof.
Let A, B be set. If A has no element, then A = H; thus by the fact
that empty set is a subset of any set, A Ď B. Similarly, if B has no
element, then B Ď A. ˝

Theorem
For any sets A and B, if A Ď B and A ‰ H, then B ‰ H.

Proof.
Let A, B be sets, A Ď B, and A ‰ H. Then there is an element
x such that x P A. By the assumption that A Ď B, we must have
x P B. Therefore, B ‰ H. ˝
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Chapter 2. Sets and Induction

§2.1 Basic Concepts of Set Theory

‚ Venn diagrams:
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Chapter 2. Sets and Induction

§2.1 Basic Concepts of Set Theory

Definition
Let A be a set. The power set of A, denoted by P(A) or 2A, is the
colloection of all subsets of A. In other words, P(A) ”

␣

B
ˇ

ˇB Ď A
(

.

Example
If A = ta, b, c, du, then

P(A) =
!

H, tau, tbu, tcu, tdu, ta, bu, ta, cu, ta, du, tb, cu, tb, du,

tc, du, ta, b, cu, ta, b, du, ta, c, du, tb, c, du, ta, b, c, du

)

.

We note that #(A) = 4 and #(P(A)) = 16 = 2#(A).
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Chapter 2. Sets and Induction

§2.1 Basic Concepts of Set Theory

Theorem
If A is a set with n elements, then P(A) is a set with 2n elements.

Proof.
Suppose that A is a set with n elements.

1 If n = 0, then A = H; thus P(A) = tHu which shows that
P(A) has 20 = 1 element.

2 If n ě 1, we write A as tx1, x2, ¨ ¨ ¨ , xnu. To describe a subset
B of A, we need to know for each 1 ď i ď n whether xi is in B.
For each xi, there are two possibilities (either xi P B or xi R B).
Thus, there are exactly 2n different ways of making a subset of
A. Therefore, P(A) has 2n elements. ˝
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Chapter 2. Sets and Induction

§2.1 Basic Concepts of Set Theory

Theorem
Let A,B be sets. Then A Ď B if and only if P(A) Ď P(B).

Proof.
Let A,B be sets.
(ñ) Suppose that A Ď B and C P P(A). Then C is a subset of

A; thus the fact that A Ď B implies that C Ď B. Therefore,
C P P(B).

(ð) Suppose that A Ę B. Then there exists x P A but x R B. Then
txu Ď A but txu Ę B which shows that P(A) Ę P(B). ˝
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Chapter 2. Sets and Induction

§2.2 Set Operations

Definition
Let A and B be sets.

1 The union of A and B, denoted by A Y B, is the set
␣

x
ˇ

ˇ (x P A) _ (x P B)
(

.

2 The intersection of A and B, denoted by A X B, is the set
␣

x
ˇ

ˇ (x P A) ^ (x P B)
(

.

3 The difference of A and B, denoted by A ´ B, is the set
␣

x
ˇ

ˇ (x P A) ^ (x R B)
(

.

Definition
Two sets A and B are said to be disjoint if A X B = H.
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Chapter 2. Sets and Induction

§2.2 Set Operations

‚ Venn diagrams:
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Chapter 2. Sets and Induction

§2.2 Set Operations

Theorem
Let A,B and C be sets. Then
(a) A Ď AYB; (b) AXB Ď A; (c) AXH = H; (d) AYH = A;
(e) AXA = A; (f) AYA = A; (g) AzH = A; (h) HzA = H;
(i) A Y B = B Y A;
(j) A X B = B X A;

*

(commutative laws)

(k) A Y (B Y C) = (A Y B) Y C;
(ℓ) A X (B X C) = (A X B) X C;

*

(associative laws)

(m) A X (B Y C) = (A X B) Y (A X C);
(n) A Y (B X C) = (A Y B) X (A Y C);

*

(distributive laws)

(o) A Ď B ô A Y B = B; (p) A Ď B ô A X B = A;
(q) A Ď B ñ A Y C = B Y C; (r) A Ď B ñ A X C Ď B X C.

Note: (A Y B) X C ‰ A Y (B X C) in general!
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