§2.2 Set Operations

Let A and B be sets.
@ The union of A and B, denoted by A U B, is the set
{x|(xe A) v (xe B)}.
@ The intersection of A and B, denoted by A n B, is the set
{x|(xe A) A (xe B)}.
© The difference of A and B, denoted by A — B, is the set
{x| (xe A) A (x¢ B)}.

Definition

Two sets A and B are said to be disjoint if An B= .
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§2.2 Set Operations

e Venn diagrams:

AUB ANB
A-B Disjoint sets 4 and B
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§2.2 Set Operations

Let A, B and C be sets. Then
)ACAUB (b)) AnB<C A; (c) Angd =, (d) Aug = A;
AnA=A ({)AVA=A; (g Ag=A  (h)\A=,

} (commutative laws)

)Au(BuC) (AuB)uU G
HAN(BNnCO)=(AnB)nC
m) An(BuC) =(AnB)u(An (),
n Au(BnCO)=(AuB)n(Au 0);
JAS B AuB=B5B; (p) A= B AnB=A;

qQJAcB=AuCcBu( (x)AcB=AnCcBnC

} (associative laws)

} (distributive laws)

Note: (AuB)n C# Au (Bn C) in general!
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§2.2 Set Operations

Proof of (m)
Let x be an element in the universe, and P, Q and R denote the
propositions x € A, x € B and x € C, respectively. Note that from
the truth table, we conclude that
PA(QVvR)< [([PAQ) v (PAR),
QO Let xe An(Bu (). Then xe A and x € Bu G thus the
proposition P A (Q v R) is true. Therefore, the proposition
[(P A Q) v (P AR)] is also true which implies that xe A B
or xe An C, thus
An(BuCO c(AnB)u(An ().
@ Working conversely, we find that if xe An Bor xe An C,
then xe An (Bu C). Therefore,
(AnB)U(AnCO < An(Bu (). o
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§2.2 Set Operations

Proof of (m) :

Let xe An(Bu C). Then xe A and xe Bu C. Thus,

Q if xe B, then xe An B.

Q if xe C, then xe An C.
Therefore, xe An Bor xe An Cwhich shows xe (AnB)u (An C);
thus we establish that

An(BuC c(AnB)u(An ().

On the other hand, suppose that xe (An B) u (An ().

Q@ if xe An B, then x€ A and x€ B.

Q if xe An C, then xe A and xe C.
In either cases, x € A; thus if xe (An B) u (An C), then x€ A but
at the same time x€ Bor xe C. Thus, xe A and x€ B u C which
shows that xe A n (B u C). Therefore,

(AnB)U(AnC S An(Bu (). o
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§2.2 Set Operations

Proof of (p) :

(=) Suppose that A € B. Let x be an element in A. Then xe€ B
since A € B; thus x € A n B which implies that A € An B.

On the other hand, it is clear that An B € A, so we conclude

that An B=A.
(<) Suppose that An B= A. Let x be an element in A. Then
x € A n B which shows that x& B. Therefore, A < B. o

v
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§2.2 Set Operations

Let U be the universe and A < U. The complement (4 £ ) of A,
denoted by A, is the set U — A.

Let U be the universe, and A, B < U. Then
(a) (AHL = A. (b) Au A* = U.

(c) AnA'=g. (d)A-B=AnBE".
(e) A< B if and only if B* < AC.

(f) An B= & if and only if A< B

(g) (AuB)t =A'n .
(h) (An Bt = A" U B

} (De Morgan’s Law)
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§2.2 Set Operations

—
(5]
~—

Proof of

By the definition of the complement, x € (A")® if and only if x ¢ AE
if and only if xe A.

Proof of (e
By the equwalence of P = Q and ~Q =~P, we conclude that
(Vx)[(xe A) = (xe B)] < (Yx)[(x¢ B) = (x¢ A)]
and the bi-directional statement is identical to that
AcBe B cA. o

A\

Alternative proof of (e)

Using (a), it suffices to show that A< B = B° < A’. Suppose that
Ac B, but B on AL Then there exists x € B' and x € A: however,
by the fact that A € B, x has to belong to B, a contradiction. o

v
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§2.2 Set Operations

By the equivalence of ~(P v Q) and (~P) A (~Q), we find that
(Vx) ~[(xe A) v (xe B)] < (Vx)[(x¢ A) A (x¢ B)]
and the bi-directional statement is identical to that
(AuBt=A"n B, 0

Alternative proof of (g)

Let x be an element in the universe.
xe (AuB)\tifandonlyif x¢ AuB
if and only if it is not the case that xe A or xe B
if and only if x¢ A and x¢ B
if and only if xe A" and xe B
if and only if xe A® n B°. o
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§2.2 Set Operations

An ordered pair (a, b) is an object formed from two objects a and
b, where a is called the first coordinate and b the second coor-
dinate. Two ordered pairs are equal whenever their corresponding
coordinates are the same.

An ordered n-tuples (aj,as,--- ,ap) is an object formed from n
objects ai, az, -+, an, where a; is called the j-th coordinate. Two
n-tuples (a1, as, -+ ,an), (c1,c2, - ,cp) are equal if a; = ¢ for
ie{l,2,---,n}.

Let A and B be sets. The product of A and B, denoted by A x B, is
Ax B={(a,b)|ac A be B}.

The product of three or more sets are defined similarly.
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§2.2 Set Operations

Let A= {1,3,5} and B= {*, ¢}. Then
Ax B={(1,%),(3,%),(5,%),(1,0),(3,0),(5,0)} .

Theorem

If A, B, C and D are sets, then

(a) Ax (BuC)=(AxB)u (Ax ().

(b) Ax (BN C)=(AxB)n(Ax ().

() Ax @ =2.

(d) (AxB)n(CxD)=(AnC) x (Bn D).
) (A
) (A

(e B) U (CxD) (AU C) x (Bu D).
(f B)n(Bx A)=(AnB) x (An B).
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§2.3 Indexed Family of Sets

Let F be a family of sets.

© The wunion of the family & or the union over &, denoted by
J A, is the set {x| x € A for some A € ff}. Therefore,
AeF
xe|JA ifandonlyif (3AeT)(xeA).
AeF

@ The intersection of the family & or the intersection over F,

denoted by (] A, is the set {x|x e Aforall Ae ?}. There-

AeTF
fore,

xe (A ifandonlyif (YAeT)(xeA).
AeF
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§2.3 Indexed Family of Sets

Let F be the collection of sets given by

= (2 1|nes)

Then |J A = (0,2) and () A = {1}. We also write |J A and
AeF AeF AeF

* Tl 1 X r1 1 .
N Aas [7,2— f] and N [7,2— 7}, respectively.
AcT =1 Ln n neq Ln n

Let F be the collection of sets given by

1 1
g={(--.2+3)|nen}.
Then |J A= (-1,3) and () A=10,2]. We also write | J A and
AeF AeT AeF

= 1 1 2 1 1 .
(N Aas | (—7,24—7) and N (—7,24-7), respectively.
AcTF n=1 n n n=1 n n )
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§2.3 Indexed Family of Sets

Theorem

Let F be a family of sets.
(a) For every set B in the family &, (| A< B.

AeF
(b) For every set B in the family ¥, B< |J A.
AeT
(c) If the family F is non-empty, then (| A< |J A.
AeF AeF
€

(d) (Aﬂi}rA) - AUZTAE'

: c © (De Morgan’s Law)
(e) (U A) =N A

AeT AeF
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§2.3 Indexed Family of Sets

Proof of (d)

Let x be an element in the universe. Then

©
xe ( N A) if and only if x¢ (] A
AeF

AeTF

if and only if ~ (xe N A)

AeTF

if and only if ~(VAe J)(xe A)
if and only if (3A€e F) ~(xe A)
if and only if (3A€ F)(x¢ A)
if and only if (3A e J)(xe AY)

if and only if xe | J A°.
AeF m]
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§2.3 Indexed Family of Sets

Let F be a non-empty family of sets and B a set.
Q@ IfBS Aforall A€ F, then B< () A.
AeF

Q@ IfAc Bforall A F, then | J A< B.
AeF

© Suppose that B< Aforall Ae F, and xe B. Then xe A for all

A€ F. Therefore, (VA€ F)(xe A) or equivalently, xe [ A.
AeF

@ Suppose that A< Bfor all Ae F, and xe | J A. Then xe A
AeF

for some A € F. By the fact that A < B, we find that xe B. o

<
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