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§2.3 Indexed Family of Sets

Let F be the collection of sets given by

= (2 1|nes)

Then |J A = (0,2) and () A = {1}. We also write |J A and
AeF AeF AeF

* Tl 1 X r1 1 .
N Aas [7,2— f] and N [7,2— 7}, respectively.
AcT =1 Ln n neq Ln n

Let F be the collection of sets given by

1 1
g={(--.2+3)|nen}.
Then |J A= (-1,3) and () A=10,2]. We also write | J A and
AeF AeT AeF

= 1 1 2 1 1 .
(N Aas | (—7,24—7) and N (—7,24-7), respectively.
AcTF n=1 n n n=1 n n )
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§2.3 Indexed Family of Sets

Theorem

Let F be a family of sets.
(a) For every set B in the family &, (| A< B.

AeF
(b) For every set B in the family ¥, B< |J A.
AeT
(c) If the family F is non-empty, then (| A< |J A.
AeF AeF
€

(d) (Aﬂi}rA) - AUZTAE'

: c © (De Morgan’s Law)
(e) (U A) =N A

AeT AeF
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§2.3 Indexed Family of Sets

Proof of (d)

Let x be an element in the universe. Then

©
xe ( N A) if and only if x¢ (] A
AeF

AeTF

if and only if ~ (xe N A)

AeTF

if and only if ~(VAe J)(xe A)
if and only if (3A€e F) ~(xe A)
if and only if (3A€ F)(x¢ A)
if and only if (3A e J)(xe AY)

if and only if xe | J A°.
AeF m]
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§2.3 Indexed Family of Sets

Let F be a non-empty family of sets and B a set.
Q@ IfBS Aforall A€ F, then B< () A.
AeF

Q@ IfAc Bforall A F, then | J A< B.
AeF

© Suppose that B< Aforall Ae F, and xe B. Then xe A for all

A€ F. Therefore, (VA€ F)(xe A) or equivalently, xe [ A.
AeF

@ Suppose that A< Bfor all Ae F, and xe | J A. Then xe A
AeF

for some A € F. By the fact that A < B, we find that xe B. o

<
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§2.3 Indexed Family of Sets

Letfr":{ —rr +1|re]Randr 0} Then |J A =R and

AeF
N =10,1). (We also write | J Aand () Aas |J[-r,r?+1) and
AeF AeF AeF r=0
N [=r,r?+1), respectively.)
r=0

Q If xe R, then x e [—r,r? + 1) with r = |x| since—|x < x <
X2 + 1. Therefore, R < ] A.
AeF
Q If xe [0,1), then xe [—r,r? 4+ 1) for all r > 0; thus [0,1) <
N A If xe (A then xe [—r,r2 + 1) for all r > 0; thus

AeF AeF
x> —rand x < r? 4+ 1 for all r > 0. In particular, x > 0 and
x<1. [m]
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§2.3 Indexed Family of Sets

Definition

Let A be a non-empty set such that for each a € A there is a
corresponding set A,. The family {Aa|a € A} is an indexed
family of sets, and A is called the indexing set of this family and

each a € A is called an index.

Remark:

@ The indexing set of an indexed family of sets may be finite or
infinite, the member sets need not have the same number of
elements, and different indices need not correspond to different
sets in the family.

Q If F={A.|a e A} is an indexed family of sets, we also write

J Aas |J A, and write () Aas [ A..
AeF aeA AeF aeA
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§2.3 Indexed Family of Sets

© Another way for the union and intersection of indexed family
of sets whose indexing set is N is

UA,,_UA an ﬂAn_ﬂA

neN neN
Also, the union and intersection of sets Ay, A5, As, -, Aloo
can be written as
100 100
Av=[JAr and (] A=[)A
4<n<100 n=4 4<n<100 n=4

and etc.

Definition

The indexed family & = {Aa ’ Q€ A} of sets is said to be pairwise
disjoint if for all a, f € A, either A, = Ag or A, N Ag = .
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§2.4 Mathematical Induction

e Peano’s Axiom for natural numbers:
© 1 is a natural number.
@ Every natural number has a unique successor which is a natural
number (+1 is defined on natural numbers).
© No two natural numbers have the same successor (n+1 = m+1
implies n = m).
© 1 is not a successor for any natural number (1 is the “smallest”

natural number).

© If a property is possessed by 1 and is possessed by the successor
of every natural number that possesses it, then the property is
possessed by all natural numbers. (4c% & BAL P R¥c 1 18
R N TR E SR T Y T e
Stied o TRASE Hip B § R BT
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§2.4 Mathematical Induction

e Principle of Mathematical Induction (PMI):
If S < N has the property that

Q@ 1€cS, and
@ n+1e Swhenever ne S,
then S=N.

Definition

A set S of natural numbers is called inductive if it has the property
that whenever n€ S, then n+1 € S.

PMI can be rephrased as “if S is an inductive set and 1 € S, then
S=N"
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§2.4 Mathematical Induction

e Inductive definition: Inductive definition is a way to define some
“functions” f(n) for all natural numbers n. It is done by describe the
first object f(1), and then the (n+ 1)-th object f(n+ 1) is defined
in terms of the n-th object f(n). We remark that in this way of
defining f, PMI ensures that the collection of all n for which the
corresponding object f(n) is defined is N.

The factorial n! can be defined by

Q1 =1;
Q ForallneN, (n+1)!=nlx (n+1).

Note: one can extend the definition of the factorial function by
defining 0! = 1.
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§2.4 Mathematical Induction

n
The notation )] xx can be defined by

. k=1
Q > xk=xi;
k=1 n+1 n
@ Forall neN, > xx= >} Xk + Xnt1 -
k=1 k=1

n
The notation [] xx can be defined by

1 k=1
QO ] xk=xi;
k=1 n+1 n
Q ForallneN, [] x= ( ka) “ Xp41 -
k=1 k=1
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§2.4 Mathematical Induction

PMI can provide a powerful method for proving statements that are
true for all natural numbers.

Suppose that P(n) is an open sentence concerning the
natural numbers.

Proof of (V ne N)P(n) by mathematical induction
Proof.

Let S denote the truth of P.

(i) Basis Step. Show that 1 € S.

(ii) Inductive Step. Show that S is inductive by showing
thatif ne S, then n+1€ S.

Therefore, PMI ensures that the truth set of P is N. o
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