§2.4 Mathematical Induction

PMI can provide a powerful method for proving statements that are
true for all natural numbers.

Suppose that P(n) is an open sentence concerning the
natural numbers.

Proof of (V ne N)P(n) by mathematical induction
Proof.

(i) Basis Step. Show that P(1) is true.
(i) Inductive Step. Suppose that P(n) is true.

Therefore, P(n+ 1) is true.
Therefore, PMI ensures that (V n e N)P(n) is true. o
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§2.4 Mathematical Induction

Prove that for every natural number n,

1+3+5+---+(2n—1) =n*.

Proof.

Let P(n) be the open sentence 1 +3 +5+--- + (2n— 1) = n%.
@ P(1) is true since 1 = 12.
@ Suppose that P(n) is true. Then

14+3+5+---+(2n—1)+(2n+1) = n® + (2n+1) = (n+1)?
which shows that P(n+ 1) is true.
Therefore, PMI ensures that (V¥ ne N)P(n) is true. o
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§2.4 Mathematical Induction

Let 0 be a real number. Prove that for every ne N,
(cosf + isin )" = cos(nf) + isin(nd) .

Let P(n) be the open sentence (cos §+isin 0)" = cos(nf)+isin(nd).
© Obviously P(1) is true.
@ Suppose that P(n) is true. Then

(cos @ + isin§)™ = [cos(nf) + isin(nd)] - (cos 6 + isin §)
= [ cos(nf) cos O — sin(nf) sin 6]
+i[ cos(nf) sin 6 + sin(nf) cos 6]
= cos(n+ 1)0 + isin(n+ 1)
which shows that P(n+ 1) is true.
Therefore, PMI ensures that (V n e N)P(n) is true. o
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§2.4 Mathematical Induction

Example (Archimedean Principle for N)

For any natural numbers a and b, there exists a natural number s
such that sb > a.

Proof.
Let b be a fixed natural number, and P(a) be the open sentence
(3seN)(sb> a).
Q If a=1, then 2b > 1; thus P(1) is true.
@ Suppose that P(n) is true. Then there exists t € N such that
tb> n. Then (t+1)b=tb+ b > n+1; thus P(n+1) is true.
Therefore, PMI ensures that (V ne N)P(n) is true. o

v
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§2.4 Mathematical Induction

¢ Generalized Principle of Mathematical Induction (GPMI):
If S < Z has the property that

Q@ ke S, and
@ n-+1eSwhenever ne S,

then S contains all integers greater than or equal to k.

Reason: Let T={neN|k+n—1€ S}. Then T < N. Moreover,
@ 1€ Tsince ke Sifandonly if 1 e T.

@ Ifne T, then k+-n— 1€ S; thus k+ n e S which implies that
n+1eT.

Therefore, PMI ensures that T = N which shows that
5:{n6Z|n>k}.
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§2.4 Mathematical Induction

Prove by induction that n> — n — 20 > 0 for all natural number
n> 5.

Let5:{neN’n2—n—20>O}.
@ 6¢ Ssince 62 —6—20=10 > 0.
© Suppose that n€ S. Then
(n+1)2—(n+1)—20=n*>+2n+1-n—-1-20
>2n>0.
Therefore, GPMI ensures that S= {ne N|n > 6}. o
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§2.5 Equivalent Forms of Induction

There are two other versions of mathematical induction.

@ Well-Ordering Principle (WOP):

Every nonempty subset of N has a smallest element.

@ Principle of Complete Induction (PCl):

Suppose S is a subset of N with the property:

for all natural number n, if {1,2,--- ,n—1} S,
then ne S.
Then S=N.
We remark here that in the statement of PCl we treat {1,2,---,0}

as .
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Remark:
Similar to GPMI, PCI can be extended to a more general case stated

as follows:

Suppose S is a subset of N with the property:

there exists k € Z such that for all natural number n,
if {k,k+1,--- , k+n—2}< S, thenk+n—1€S.

Then SZ{HEZ’HZk}.

The same as the case of PCI, here we treat {k. k+1,---  k—1} as
the empty set.

In the following, we prove that PMI = WOP = PCIl = PMI.
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§2.5 Equivalent Forms of Induction

Proof of

Assume the contrary that there exists a non-empty set S € N such
that S does not have the smallest element. Define T = N\S, and
To = {n e N[{1,2,--- ,n} © T} (T * i1 Bedcier §orag
¥ | er#ics ). Then we have Ty € T. Also note that 1 ¢ S for
otherwise 1 is the smallest element in S, so 1 € T (thus 1 € Ty).
Assume k€ Ty. Since {1,2,--- ,k} = T,1,2,---k¢ S. If k+1€ S,
then k + 1 is the smallest element in S. Since we assume that S
does not have the smallest element, k+ 1 ¢ S; thus k+ 1€ T =

k+1¢€ To.
Therefore, by PMI we conclude that Ty = N; thus T = N which
further implies that S = F, a contradiction. o
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§2.5 Equivalent Forms of Induction

Proof of :
Assume the contrary that for some S # N, S has the property

for all natural number n, if {1,2,--- ,n—1} = S, then ne S. ()

Define T=N\S. Then T is a non-empty subset of N; thus WOP

implies that T has a smallest element k. Then 1,2,--- . k—1¢ T
which is the same as saying that {1,2,---  k—1} < S. By property
(), k€ S which implies that k¢ T, a contradiction. o

4
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§2.5 Equivalent Forms of Induction

Let S <€ N has the property

(a) 1€ S, and (b) n+ 1€ S whenever n€ S.
We show that S = N by verifying that
for all natural number n, if {1,2,--- ;n—1} < S, then n€ S.
© (a) implies 1 € S; thus the statement “{1,2,--- [ k—1} = @ <
S=1€eS5" is true.
@ Suppose that {1,2,--- |k—1} < S. Then k—1 € S. Using
(b) we find that k € S; thus the statement “{1,2,--- ,k—1} <

S= ke S" is also true.

Therefore, S has property (x) and PCI implies that S = N. o
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§2.5 Equivalent Forms of Induction

Theorem (Fundamental Theorem of Arithmetic)

Every natural number greater than 1 is prime or can be expressed
uniquely as a product of primes.

The meaning of the unique way to express a composite number
as a product of primes:

Let m be a composite number. Then there is a unique way of writing
m in the form

a1 ,.Q0 (]
m=p; py” Py,
where p; < p2 < --- < p, are primes and a1, ag, - - - , ¢y are natural

numbers.
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§2.5 Equivalent Forms of Induction

Proof

We first show that every natural number greater than 1 is either
a prime or a products of primes, then show that the prime factor
decomposition, when it is not prime, is unique.

@ Suppose that there is at least one natural number that is greater
than 1, not a prime, and cannot be written as a product of
primes. Then the set S of such numbers is non-empty, so WOP
implies that S has a smallest element m. Since m is not a prime,
m = st for some natural numbers s and t that are greater than
1 and less than m. Both s and t are less than the smallest
element of S, so they are not in S. Therefore, each of sand tis
a prime or is the product of primes, which makes m a product

of primes, a contradiction. O
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§2.5 Equivalent Forms of Induction

Proof (Cont'd).

@ Suppose that there exist natural numbers that can be expressed
in two or more different ways as the product of primes, and let

n be the smallest such number (the existence of such a number
is guaranteed by WOP). Then

nN=pip2---Pk=41G2 " dm
for some k, m € N, where each pj, g; is prime. Then p; divides

g192 - - - gm which, with the help of Euclid’s Lemma, implies

that p; = q; for some j € {1,---,m}. Then pi = qﬂ is a
1 i
natural number smaller than n that has two different prime

factorizations, a contradiction. o
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§2.5 Equivalent Forms of Induction

Alternative Proof of Fundamental Theorem of Arithmetic.

Let m be a natural number greater than 1. We note that 2 is a

prime, so the statement is true when m is 2. Now assume that k is
a prime or is a product of primes for all ksuch that 1 < k< m. If m
has no factors other than 1 and itself, then m is prime. Otherwise,
m = st for some natural numbers s and t that are greater than 1
and less than m. By the complete induction hypothesis, each of s
and t either is prime or is a product of primes. Thus, m = st is a
product of primes, so the statement is true for m. Therefore, we
conclude that every natural number greater than 1 is prime or is a

product of primes by PCI. o
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§2.5 Equivalent Forms of Induction

Let a and b be nonzero integers. Then there is a smallest positive

linear combination of a and b.

Proof.
Let a and b be nonzero integers, and S be the set of all positive
linear combinations of a and b; that is,

Sz{am+bn‘m,neZ,am+bn>0}.

Then S # Jsincea-1+b-0>0o0ra-(—1)+b-0> 0. By
WOP, S has a smallest element, which is the smallest positive linear

combination of a and b. o

Ching-hsiao Cheng A##E MA-1015A



