Chapter 2. Sets and Induction
§2.5 Equivalent Forms of Induction

Theorem (Division Algorithm)

For all integers a and b, where a # 0, there exist a unique pair of
integers (q, r) such that b= aq+ r and 0 < r < |a|. In notation,

(V(a,b) € (Z\{0}) x Z)(3q,r) € Z x Z) [(a=bg+ ) A (0 < r<]al)].

W.L.O.G., we assume that a > 0 and a does not divide b. Define
S={b—ak|keZand b— ak > 0}.

Then 0 ¢ S (which implies that b # 0). It is clear that if b > 0,
then S # . If b < 0, then —b > 0; thus the Archimedean property
implies that there exists k € N such that ak > —b. Therefore,
b — a(—k) > 0 which also implies that S # . In either case, S is
a non-empty subset of N; thus WOP implies that S has a smallest
element r. Then b— aq = r for some q € Z; thus b = aqg + r and
r> 0. [m]
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Proof (Cont'd).

Next, we show that r < |a] = a. Assume the contrary that
r=|a|=a Then b—a(q+1)=b—ag—a=r—a=>0. Since we
assume that 0 ¢ S, we must have b — a(qg+ 1) > 0. Therefore,

O<b—alg+l)=r—a<r=b—aq
which shows that ris not the smallest element of S, a contradiction.

To complete the proof, we need to show that the pair (g, r) is
unique. Suppose that there exist (g1, ) and (g2, r2), where 0 <
ri, rp < |al, such that

b=aqi+nrn=ag+r.

W.L.O.G., we can assume that r; > ro; thus a(q2—q1) = rn—re = 0.
Therefore, a divides r — ry which is impossible if 0 < — rn < a.
Therefore, 1 = r» and then g1 = g». o
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Definition
Let A and B be sets. R is a relation from A to B if R is a subset
of A x B. A relation from A to A is called a relation on A. If

(a, b) € R, we say a is R-related (or simply related) to b and write
aRb. If (a,b) ¢ R, we write aRb.

Let R be the relation "is older than” on the set of all people. If ais
32 yrs old, b is 25 yrs old, and cis 45 yrs old, then aRb, cRb, aRc.
Similarly, the "less than" relation on R is the set {(x, y) |x< y}.
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Remark:

Let A and B be sets. Every subset of Ax Biis a relations from A to B;
thus every collection of ordered pairs is a relation. In particular, the
empty set J and the set A x B are relations from Ato B (R=
is the relation that “nothing” is related, while R = A x B is the

relation that “everything” is related).
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For any set A, the identity relation on A is the (diagonal) set
Ia={(a,a)|ac A}.

Let A and B be sets, and R be a relation from A to B. The domain
of R is the set

Dom(R) = {xe A|(3ye B)(xRy)},
and the range of R is the set

Rng(R) = {ye B|(3xe A)(xRy)}.

<

In other words, the domain of a relation R from A to B is the
collection of all first coordinate of ordered pairs in R, and the range
of R is the collection of all second coordinates.

Ching-hsiao Cheng A##E MA-1015A



Chapter 3. Relations and Partitions
§3.1 Relations

Let A and B be sets, and R be a relation from A to B. The inverse
of R, denoted by R~ is the relation

R!= {(y,x) € Bx A|(xy) € R (or equivalently, xRy)} .

In other words, xRy if and only if yR~1x or equivalently, (x,y) € R
if and only if (y,x) € R~

Let T = {(x,y) e R x R|y < 4x2 — 7}. To find the inverse of T,
we note that

xeTle(y,xeTex<4dy? —Te x+7<4y?
(:)(x,y)e{(x,y)eRxR‘x+7<0}u
{(x,y)eRxR‘0<X1_7<y2}.
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Let A and B be sets, and R be a relation from A to B.
© Dom(R™ ') = Rng(R).
@ Rng(R!) = Dom(R).

The theorem is concluded by

be Dom(R™ ') < (Jac A)[(b,a) e R & (Jac A)[(a,b) € R]

< be Rng(R),
and
aeRng(R™') < (3be B)[(b,a)e R < (3be B)[(a, b) € R]
< a€ Dom(R). o
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Definition

Let A, B, C be sets, and R be a relation from A to B, S be a relation
from Bto C. The composite of R and S is a relation from A to C,
denoted by So R, given by

SoR= {(a,c) € A x C‘(Hbe B)[(aRb) A (bsc)]}.

4

We note that Dom(S o R) < Dom(R) and it may happen that
Dom(So R) < Dom(R).
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Let A={1,2,3,4,5}, B={p,q,r,s,t} and C= {x,y,z,w}. Let R
be the relation from A to B:
R={(1,p),(1,9),(2,q),(3,1),(4,5)}
and S be the relation from B to C:
S= {(pv X)a (q’ X)? (qa Y)? (57 Z)a (t7 Z)} o
Then So R= {(1,%), (1,), (2,%), (2,), (4,2)}.

Let R={(xy) e RxR|y=x+1} and S={(x,y) e RxR|y=
xz}. Then

RoS={(xy)eRxR|y=x*+1},
SoR={(xy) e RxR|y=(x+1)?}.
Therefore, So R # Ro S.

v
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Suppose that A, B, C, D are sets, R be a relation from A to B, S be
a relation from B to C, and T be a relation from C to D.

(a) (R =R

(b) To(SoR)=(ToS)o R (socomposition is associative).
(C) /BOR RandRolAfR
(d) (SoR)t=R1oS5L

Proof of (a).

(a) holds since
(a,b)e (Rl < (bja)e R"! = (a,b) e R. 0
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Proof of (b)

Since So Ris a relation from A to C, To (So R) is a relation from
A — D. Similarly, (To S) o R is also a relation from A to D. Let
(a,d) € Ax D. Then
(a,d)e To(SoR)
< (Jce Of(a,c)eSoRA(c,d) e T]

< (3ce O)(3be B)[(a,b) e RA (b,c) e SA(c,d)eT]
< (3(b,c)e Bx O)[(a,b) e RA (b,c) €S (c,d) e T]
< (3be B)(3ce Of(a,b) e RA(b,c)eSA(c,d)eT]
< (3be B)[(a,b) e RA (b,d)e To 9
o (a,d)e (ToS)oR.
Therefore, To (SoR) = (ToS)oR. o
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Proof of (c) :

Let (a, b) € A x B be given. Then
(a,b)elgoR< (Ice B)[(a,c) e RA (c,b) € Ig] .
Note that (c, b) € Ig if and only if ¢ = b; thus
(ce B)[(a,c) e RA (c,b) € Ig] < (a,b) € R.
Therefore, (a,b) € Igo R< (a,b) € R. Similarly, (a,b) € Ro Iy <
(a,b) € R.

Let (a, c)eAxC Then
(ca)e(SoR)™

< (a,c)e SoR

< (3be B)[(a,b) e RA (b,c) € S]

< (3be B)[(c,b) e STt A (ba) e R7!]

e (ca)eRlost. o
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