Chapter 5. Cardinality

§5.1 Equivalent Sets; Finite Sets

Suppose that A, B, C and D are sets with A~ C and B~ D.

@ If A and B are disjoint and C and D are disjoint, then AU B ~
Cu D.

Q@ Ax B~ CxD.

Suppose that ¢ : A%C and v : B1Lp.

onto

@ Thenpup: AuB— Cu D is an one-to-one correspondence.
Q Let f: Ax B— C x D be given by

f(a, b) = (#(a), ¥ (b)) -

Then fis an one-to-one correspondence from A x Bto C x D.

[}
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Chapter 5. Cardinality
§5.1 Equivalent Sets; Finite Sets

Definition
For each natural number k, let Ny = {1,2,--- , k}. A set Siis finite
if S= & or S~ Ny for some ke N. A set Sis infinite if S is not a
finite set.

For k,je N, N; ~ Ny if and only if k = j.

Proof.

It suffices to prove the = direction. Suppose that ¢ : Ny — N; is a
one-to-one correspondence. W.L.O.G. we can assume that k < j. If
k < j, then ¢(Ny) = {¢(1),9(2), -+ ,¢(k)} # N; since the number
of elements in ¢(Ny) and N; are different. In other words, if k < j,
¢ : Ny — Nj cannot be surjective. This implies that Ny ~ N; if and

only if k= o
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Chapter 5. Cardinality
§5.1 Equivalent Sets; Finite Sets

Definition

Let S be a finite set. If S= ¢, then S has cardinal number 0 (or
cardinality 0), and we write #S = 0. If S ~ Ny for some natural
number k, then S has cardinal number k (or cardinality k), and
we write #5 = k.

Remark: The cardinality of a set S can also be denoted by n(S), S,

card(S) as well.

If A is finite and B ~ A, then B is finite.

If S is a finite set with cardinality k and x is any object not in S,
then S u {x} is finite and has cardinality k+ 1.
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Chapter 5. Cardinality
§5.1 Equivalent Sets; Finite Sets
For every k € N, every subset of Ny is finite.

Let S = {k eN } the statement “every subset of Ny is finite” hoIds}.

@ There are only two subsets of Ny, namely ¢ and N;. Since &
and Ny are both finite, we have 1 € S.

@ Suppose that k€ S. Then every subset of Ny is finite. Since
Nyi1 = Ng u {k+ 1}, every subset of Ny is either a subset
of Ny, or the union of a subset of Ny and {k+ 1}. By the fact
that k € S, we conclude from the previous lemma that every
subset of Ny is finite.

Therefore, PMI implies that S = N. o
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Chapter 5. Cardinality
§5.1 Equivalent Sets; Finite Sets
Every subset of a finite set is finite.

Let A< B and B is a finite set.

O If A=, then Ais a finite set (and #A = 0).

Q If A=# &, then B # (. Since Bis finite, there exists k € N such
that B ~ N; thus there exists a one-to-one correspondence
¢ : Ny — B. Therefore, ¢ ~*(A) is a non-empty subset of Ny,
and the previous lemma implies that ¢ ~'(A) is finite. Since
A~ ¢ '(A), we conclude that A is a finite set. o

v
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Chapter 5. Cardinality

§5.1 Equivalent Sets; Finite Sets

©Q If A and B are disjoint finite sets, then A u B is finite, and

#(Au B)=#A+ #B.
@ If A and B are finite sets, then A u B is finite, and

#(AUB)=#A+#B—#(An B).
Q If A, Ay, -+, A, are finite sets, then | J Ay is finite.

k=1

@ W.L.O.G., we assume that A ~ Ny, and B ~ N, for some
k¢ eN. Let H={k+1,k+2,--- ;k+¢}. Then N, ~ H
since ¢(x) = k+ x is a one-to-one correspondence from N, —
{k+1,k+2,--- ,k+£}. Therefore, Au B~ Nyu H= Ny,
thus #(A U B) = #A + #B. 5
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Chapter 5. Cardinality
§5.1 Equivalent Sets; Finite Sets

@ Note that A U B is the disjoint union of A and B — A, where
B — A is a subset of a finite set B which makes B — A a finite
set. Therefore, A U B is finite.

To see #(AU B) = #A+ #B— #(An B), using D it suffices
to show that #(B— A) = #B— #(A n B). Nevertheless, note
that B = (B — A) u (A n B) in which the union is in fact a
disjoint union; thus @ implies that

#B=#(B—A)+ #(An B)
or equivalently,

#(B—A) = #B—#(An B). 5
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Chapter 5. Cardinality
§5.1 Equivalent Sets; Finite Sets

© Let A1, Ay, --- be finite sets, and

S— {neN‘ U Ay is finite}.
k=1

Then 1 € S by assumption. Suppose that n€ S. Then n+1€ S
because of 2. PMI then implies that S = N. g

<
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Chapter 5. Cardinality
§5.1 Equivalent Sets; Finite Sets
Let k > 2 be a natural number. For x € Ny, Ny\{x} ~ Ny_1.

Theorem (Pigeonhole Principle - #4 R 12)

Let n,re N and f: N, — N, be a function. If n > r, then f is not
injective.

If #A = n, #B = r and r < n, then there is no one-to-one function
from A to B.

If A is finite, then A is not equivalent to any of its proper subsets.
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Chapter 5. Cardinality
§5.2 Infinite Sets

Recall that a set A is infinite if A is not finite. By the last corollary in
the previous section, if a set is equivalent to one of its proper subset,
then that set cannot be finite. Therefore, N is not finite since there
is a one-to-one correspondence from N to the set of even numbers.

The set of natural numbers N is a set with infinite cardinality. The
standard symbol for the cardinality of N is X. There are two kinds
of infinite sets, denumerable ( & £ ¥ #c ) sets and uncountable ( %
¥ #c) sets.

Definition

A set S is said to be denumerable if S ~ N. For a denumerable
set S, we say S has cardinal number X (or cardinality Rg) and write

45 = Ro.
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Chapter 5. Cardinality
§5.2 Infinite Sets

The set of even numbers and the set of odd numbers are denumer-
able.

The set {p,q,r} u{ne N|n+# 5} is denumerable.
The set Z is denumerable.

Consider the function f: N — Z given by

X f g
5 ifxiseven,

%X if xis odd .
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Chapter 5. Cardinality

§5.2 Infinite Sets

@ The set N x N js denumerable.

@ If A and B are denumerable sets, then A x B is denumerable.

@ Consider the function F : N x N — N defined by F(m,n) =
2m=1(2n —1). Then F: N x N — N is bijective.

@ If A and B are denumerable sets, then A ~ N and B ~ N. Then
Ax B~ N x N; thus A x B~ N since ~ is an equivalence
relation.

a

A set S is said to be countable if S is finite or denumerable. We
say S is uncountable if S is not countable.
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Chapter 5. Cardinality
§5.2 Infinite Sets

The open interval (0,1) is uncountable.

Assume the contrary that there exists a bijection f: N — (0,1).
Write f(k) in decimal expansion (- i& > /&  ); that is,

F(K) = 0.dy doidlsyc - -

Here we note that repeated 9's are chosen by preference over ter-

minating decimals; that is, for example, we write i = 0.249999 - - -

instead of i — 0.250000- - - . 5

V.
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Chapter 5. Cardinality

§5.2 Infinite Sets

Proof. (Cont'd).
Let x€ (0,1) be such that x=0.d1ds - - -, where
5 if di#5,
di = .
3 if dkk =5.
(& - B oxit B BT % k@l (k) ov] #BET % k nik

7 48 % ) . Then x # f(k) for all ke N, a contradiction; thus (0,1)
is uncountable.

a

A set S has cardinal number c (or cardinality c) if S is equivalent to
(0,1). We write #S = ¢, which stands for continuum.
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