Calculus Quiz 2

1. (5 pts) Find the limits L = lim f(z) for following given func-
Tr—a

tions f(z) and a. And find a number 6 > 0 such that for all
x

O<|z—a|l<d=|f(zx)—L|l<e
with given ¢.

a. f(x)=+v1—-5z, a=-3, e=0.5.
4

b. f(z)=—, a=2, £=04.
x
Sol.
a. It is easy to see that lim3 V1 —>5x =4. Since € = 0.5, so
T——

If(z)—Ll<e & |V1-bx—4<05< —05<+v1—-52—-4<05
& 35<V1-br<45&1225<1—5z<20.25
& 1125 < =51 <1925 & —385 <x < —2.25
< 08 <zr+3=2-0a<0.75

Choose 6 = 0.75 > 0, then we have that 0 < |z —a| < §

implies |f(x) — L| < e.

b. It is easy to see that lim — = 2. Since € = 0.4, so
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Choose 0 = = > 0, then we have that 0 < |z —a| < ¢

implies |f(z) — L| < e.
U
2. (5 pts)

a. Let f(z) be a function defined on [a,b] and for any y be-
tween f(a) and f(b), there is ¢ € [a,b] such that f(c) =y.
Is it true that f is continuous on [a,b]? If not, find an
counterexample.

b. Suppose f is a continuous function on [0, 1] and 0 < f(x) <
1, Yo € [0,1]. Show that there must exist ¢ € [0, 1] such
that f(c) = c.



Sol.

a.

It is not true for the statement. This says that the converse
of the Intermediate Value Theorem is not hold. Consider
the following function defined on closed interval [0, 2] as

x, 0<z<1
f(x>_{3x—4, 1<z<2

which has graph of follows

-

—1

From the figure above, it is easy to see that for any y
between f(0) =0 and f(2) = 2, there exists ¢ € [0, 2] such
that f(c) = y. But f(x) is discontinuous at = = 1.

. If f(0) =0or f(1) =1, we are done. If it is not the case.

Since 0 < f(z) < 1, Vz € [0,1], we may assume that
f(0) =a>0and f(1) =b < 1. Let g(x) = f(z) — =z,
then g(x) is defined and continuous on [0, 1]. Also, g(0) =
f(0) =a >0and g(1) = f(1) =1 =b—-1 < 0. By
Intermediate Value Theorem, there exists ¢ € (0, 1) such
that g(c) =0= f(c) =c.
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